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Second-Order Effect of Spin-Orbit Interaction 
on the Paramagnetic Resonance Spectra of Ions 
with a Single 34 Electron. 


DSP AN () 


Mosecw State University - Moscow 


(ricevuto il 2 Gennaio 1961) 


Summary. — In order to explain in a better way the covalent bonding 
factors for ions with a single 34 electron, the second-order g-factors, 
arising out of the mixing of orbital doublet states with orbital triplet 
states through spin-orbit interaction, have been revaluated for crystal 
fields of different symmetries. On the basis of these expressions, dis- 
cussions have been made about the e.p.r. spectra of Ti?+ in some salts 
anal Gre Wes ana TBO). 


1. — Introduction. 


Recently a detailed analysis of covalent bonding factors has been made 
for Ti8* in some salts and for V4 in TiO, (+2). It was found that in some 
cases these factors are unusually small. This was particularly true for V* 
in TiO, in which case K , was found to be less than 0.3 in order that A, may 
be smaller than unity. Moreover in the case of Ti** in ALO,, on the assumption 
of a positive A, the trigonal field splitting parameter, g, came out to be iden- 
tically zero, whereas the experimental value was somewhere less than 0.1 and 
possibly not identically zero (*). 

(*) The work was done while the author was in Moscow. Present address: Labo- 
ratorie de Physique Generale, Institut Fourier, Grenoble, France. 

(EN) IDE IERI Zurn. Bkps. Teor. Fiz. (to be published). 

(2) D. K. Ray: Zurn. Ekps. Teor. Fiz. (to be published). 

(3) L. S. KoRNIENKO and A. M. PROKHORCV: Zur. Hap. Teor. His... 38; 1651 
) 
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In all the above analyses, it was assumed that spin-orbit interaction is 
effective only among the lowest triplet states. It would be of interest to see 
if the second-order g-factors coming out of the effect of the higher orbital 
doublet states through spin-orbit interaction can explain the situation in a 
better way. This is particularly important due to the fact that the values 
of the covalent bonding factors depend sensitively on the anisotropy of the 
g-factors as well as their difference from the free-spin value. 


2. — Expression for g-factors. 


The energy levels and the eigenstates in the case of a cubic and a trigonal 
or tetragonal fields are given in Tables I and II, where W,, W,, etc., depend 
on the values of cubic and trigonal or tetragonal fields and the coefficients 
a, b, etc., depend on their relative values. If the trigonal field is very small, 
we can take a & Ve and ba VI. If we designate W,— W,= A, then for A 
negative, the orbital singlet is lowest and reverse is the case for À positive. 


TABLE I. — States wi one a case. 
State Energy 
10) | Wi 
a|—2>+ b(1> | À 
a LS RIT Wi 
Pe? cl 
b|25 +a| ibs Wy 
TABLE II. — States for tetragonal RRS case. 
State | Energy 
| 
| 1 5 ; 
vi | 2) — |—2)) W, | 
1» | | 
Sf | Wi 
1 \ | 
UT EN) | W, 


0) | W, 


We shall first take up the case of trigonal field. In this case, we get the 
following expressions for first and second order g-factors: 
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SECOND-ORDER EFFECT OF SPIN-ORBIT INTERACTICN ETC. 


For A negative: 


gy = 2 (sin? — (1+ P) cosa], 


(1) o_o |a 3v644 . 
Ce SI — Sinx Cosa), 
al = WV, Wow 
and 
gt = 2[/2Q sin « cos « + sin? a], 
(2) pro) A /3 a in % COS a Sei in? x 
= — gin & cosa — Sin? «|, 
IL | CA Wi Ws 
with 
1 ? 9 , \3 
È o da F5 si ea A.) 
where, 
» 2179 id E ab a 
p = (esi ue 1b) Kon 10 b? ee 
G 1/2 AR meet 
= (5-7 Ro Vs TRAME 
(4) 3 I 
2 1 24/2 ae ab \ . 
À = (Forget a 0b) Han +5 ( a D SA hee 


tee (VE a— a ] ARno + (12 a+ VE ) DE 


For A positive: 


1842024 
(5) g\” SET i. = n = È 
Wi Wi 
and 
g® = 0 ’ 
(6) CES Vedi i 
W,-W 


In the case of tetragonal field we get the following results: 


For A negative: 


gb-= 2Qsin? a — (1 + Ky) cos? «], 


DA 
(7) 2) Sea == dl e 442 2v24 SÌ COS x 
gi =2\— Rane Sin? x + SI sin x CC ; 


and 
Me 2[V2K , Sin & COS & + ina cale 


DATE 
(3) g®=2|— À — COS? & — - Ne - sino COS |. 
2 W.,- W, HAUT 


For À positive: 


9 
"à y= 0, 
and 
gf =0, 
(10) ESS 62. 


In the calculations of second-order terms, we have neglected the effect of co- 
valent bonding as these terms are by themselves quite small and also we have, 


bn] El) = Emi | L|p5 


(11) 
Wm |AL LP a Run PS, |AL |p?» . 


3. — Analysis of paramagnetic resonance spectra of TI** in some salts and of V** 
in TiQ,. 


Analyses have already been made on the basis of first-order g-factors of 
Ti8* in some salts and of V* in TiO, (42). We shall see here how far some of 
these results change if we take account of second-order terms as well. 


a) Case of Ti? in alum (CsTi(SO,):12 H,0). This is a case of trigonal 
field with A negative. From expressions (1) and (2), it is evident that there 
are three unknown constants P, Q and « corresponding to g, and g,, if we 
take the trigonal field to be small so that W,— W, & W,— Wo=2-104 em-1 (4), as 
given by optical absorption studies. So there can not be any unique values 
of these parameters. In Table ITI, some of the values of these quantities which 
satisfy the experimental g-values are given. By comparing these results with 
those given in (I), it is easy to find that the values of P and () have become 
more anisotropic for a particular value of «. Moreover as A is small, P 


(*) H. HARTMANN and H. L. ScuLirer: Zur. Fiz. Kim., 197, 116 (ISIDE 
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TABLE III. — Case of Ti+ in Alum (CsTi($0,),-12Hs0). 


| T 
a | Je a 
n eS = — = = 
| | 
110° | 1.28 | 0.65 
110° 30’ | 1.13 0.625 
TAGES 0.99 0.60 
111° 30’ 0.86 0.58 
112° | 0.74 0.555 
[12207 | 0.63 0.53 
REC 0.52 | 0.512 
| 113° 30/ | 0.42 0.49 


and Y sbould be approximately equal to each other and this is so when 
P=@Q= 0.52 in contrast to the value of 0.57 when only first order terms are 
considered. 


b) Case of Tis+ in ALO;. It was shown in (1) that the experimental 
values of g,= 1.067 and g, < 0.1 could be explained on the basis of À to 
be positive. It is evident from expression (6) that if we take only first order 
term, then g, =0. The extremely weak intensity of the line was explained on 
the basis of a small rhombic field. Now if we want to consider the effect of 
second-order terms, then we require the positions of orbital levels. In the 
absence of optical absorption data for ALO,, there would not be much error 
if we took the same values for these as in the case of alum. So from the expres- 
sion for g,, we get p= 0.45 and g, comes our as 0.04 on the assumption 
that a & V2 and b & VI. This value of g, is more in conformity with the 
experimental result. As the second-order terms come about only through orbital 
angular momentum, so the intensity of line spectra is not affected and the 
existence of a weak rhombic field has to be assumed for its explanation. 


c) Case of V** in TiO,. In this case the first-order terms gave extre- 
mely improbable values for the covalent bonding factors A, and K,. It was 
found that in order to fit the experimental data given by ZVEREV and PRo- 
KHOROV (5) or those of GERRITSEN and LEWIS (5), A, becomes less than unity 
only for K, <0.3 and K,=K , when both are equal to0.26. Now to take ac- 
count of second-order terms, the positions of energy levels are required, but 
these are not known for this case. As the radius of V* is somewhat different 
from that of Ti*, so it would not be correct to take these orbital splittings the 
same as in the case of Ti+ in alum. But rough calculations show that both Æ1 


(5) G. M. ZvEREV and A. M. FROKROROV: Zurn. Ekps. Teor. Fiz., 39, 222 (1960). 
(69) H. J. GERRITSEN and H. R. Lawis: Phys. Rev., 119, 1010 (1960). 
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and K, come out to be of the order of unity if we take probable values for 
the orbital splittings. Exact calculations can be made when optical absorption 
studies have been made for this salt. 


4, — Conclusion. 


It is evident from the above analysis that sometimes second-order g-factors 
have considerable effect on the magnitudes of covalent bonding factors and 
it is not fair to neglect these terms for a detailed analysis of paramegnatic 
resonance spectra of ions. In a future publication we intend to go into the case 
ovs im CALO; 


In conclusion, the author expresses his gratitude to Prof. A. M. PROKHOROV 
for discussions and to L. S. KoRNIENKo and G. M. ZVEREV for their interest 
in the work. 


RAS TS DNA ONG) 


Per spiegare nel modo migliore i fattori covalenti di legame per ioni con un solo 
elettrone 3d, si sono valutati per campi cristallini di diverse simmetrie i fattori g di 
secondo ordine, che sorgono dalla miscela di stati di doppietto orbitale con stati 
di tripletto orbitale tramite interazioni spin-orbita. Sulla base delle espressioni trovate, 
si discutono gli spettri e.p.r. del Ti®+ in alcuni sali e della V** nel TiO. 


#3 : 
() Traduzione a cura della Redazione, 
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Theory of Leptons - I (’). 


E. C. G. SUDARSHAN 


Department of Physics and Astronomy - University of Rochester - Rochester, N. Y. 


(ricevuto il 10 Febbraio 1961) 


Summary. — A finite relativistic theory of four-fermion interactions is 
formulated; the theory involves as an essential ingredient the use of an 
indefinite metric. The problems of interpretation raised by the use of 
the indefinite metric are analyzed in relation to the observables and 
structure of many-particle states in quantum field theory; and the con- 
sistency of the interpretive postulate is demonstrated. The theory inci- 
dentally provides a raison d’étre for the muon. 


1. — Introduction. 


Elementary particles exhibit an extended spectrum not only in their masses 
but also in their interaction properties. However, in the classification into the 
four groups of particles, namely photon, leptons, mesons and baryons the par- 
ticles belonging to each group not only cover a well-defined range of the mass 
spectrum but also have fairly similar properties (1). As far as is known at 
present the photon has a «universal interaction » (with all charged particles); 
the leptons on the other hand take part both in universal electromagnetic 
interaction and also universal weak interaction (?). The mesons and baryons 


(*) Supported in part by the U.S. Atomic Energy Commission. 

(1) R. E. MarsHag and E. C. G. SuparsHAN: Introduction to Elementary Particle 
Physics (New York, 1961). 

(©) By universal we mean an « all-or-none » characterization, è.e., all charged par- 
ticles interact with the same strength, but no neutral particle interacts directly. 
Similarly, in the weak interactions only charged currents interact, the neutral do not. 
For a more systematic discussion, see ref. (*). 


8 E. C. G. SUDARSHAN 


take part in all interaction strong, weak and electromagnetic; but precisely 
because of the «strength » of their dominant interaction it is not possible to 
give a definitive answer to the question of a possible universal law of interaction 
for the strong interactions. In terms of our present understanding, the number 
of particles included in the elementary particle spectrum belonging to the 
baryon and meson classes is larger than is strictly necessary to account for 
the number of conserved quantities; and the question has often been raised 
whether some of these particles may be understood as composite objects so 
that the number of truly elementary particles is smaller. Stated more preci- 
sely, the question is whether one can introduce fewer elementary fields into 
the theory rather than introduce a distinct field associated with every particle; 
in principle, in a Lagrangian theory such questions can be meaningfully asked. 
But in practice there are two major difficulties: firstly in view of the « strength » 
of the interaction simple approximations are not adequate and one has to use 
rather ingenious computational tricks to get satisfactory results even in ortho- 
dox theory, and even more so in an attempt at answering fundamental ques- 
tions. Secondly, the systematic development of the theory in a perturbation 
series gives divergent answers. In orthodox field theory there exists at least 
certain models in which these infinite quantities can be circumvented by a 
formal renormalization, but the mathematically ill-defined operations involved 
make it unclear whether the question as to which particles are elementary 
can still be meaningful in the renormalized theory. 

However, as far the system of leptons and photon are concerned, though 
they have interactions with particles belonging to the baryon-meson system, 
thus forming only an «open system », for many purposes the lepton-photon 
system can be treated as if it is a « closed system ». The justification for such 
an approximate treatment derives mainly from the great success of quantum 
electrodynamics (not involving baryons and mesons) and of the weak universal 
V— A interaction as applied to leptonic weak decays. In these cases the coupling 
Strengths are sufficiently small for a perturbation expansion to be meaningful; 
so the first obstacle mentioned in the last paragraph does not arise for the 
photon-lepton system. But the standard divergences appear; and in a more 
troublesome manner as far as weak interactions are concerned since a four- 


fermion interaction is not «renormalizable ». Nevertheless, the calculations of 


the lowest order results involving weak interactions are in excellent agreement 
with experimental results just as in the case of electrodynamics. It then 
appears that there should be a formulation of the theory of weak and electro- 
magnetic interactions of leptons somewhat different in principle in that the 
infinities no longer appear, but to lowest order the predictions are practically 
the same as given in the lowest order predictions of the usual theory. 

The point of view that the formal introduction of an indefinite metric 


together with a corresponding interpretative postulate (defining the « physical 
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states ») supplies the additional physical principle needed to construct a finite 
theory of elementary particle interactions has been emphasized in an earlier 
paper (*). It is the purpose of this paper to implement the program for the 
weak interaction of leptons since no consistent theory of weak interactions 
exists at present. 

In the following section the orthodox Lagrangian theory of leptonic weak 
four-fermion interaction is summarized with a view to establishing the notation 
and for easy comparison with the present theory which is introduced in See- 
tion 3. 


2. — Conventional theory of four-fermion interactions. 


The conventional field theory for interacting leptons (with electromagnetic 
interactions omitted) is formulated in terms of the Lagrangian density (4): 


(1) L(t) = Le) GIT (ae) I* (a) , 


where p= y“p, and 


(2) 42) = PX + Vip na Mi), ae Ya(P ES M2)Ÿa ; 
(3) J,(@) = Wyx(1+ VX + Payal + V5)% 


and the fields y, y,, y, refer to the neutrino, electron and muon fields and 
My, M, the observed electron and muon masses. We have included a four- 
component neutrino field (rather than a two-component field) since this gives 
a more uniform treatment of all the lepton fields, though in the conventional 
theory the negative chiral component has no interactions at all. These fields 
obey the anticommutation relations for equal times: 


{yt (x, t), x (x! ys (x =) 
{pi (x; t), px", D} = d(x — x’), 
{vs (x, t), pa(x”, ol = 0(x — x’), 


all other anticommutators = 0. 


(3) E. C. G. SUDARSHAN: Quantum-mechanical systems with indefinite metric - I, 
submitted to Phys. Rev. 
(4) E. C. G. SuparsHan and R. E. MarsHAK: Proc. Padua-Venice Conference on 
Mesons and Newly Discovered Particles (1957); Phys. Rev., 109, 1860 (1958); R. P. 
FEYNMAN and M. Gæzz-MANN: Phys. Rev., 109, 193 (1958); J. J. SAKURAI: Nuovo 
Cimento: 7, 649 (1958). 
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For this Lagrangian there are three constants of motion: 


() = fer {wi (x, t) pi(x, t) se W(X, t) po(x, t)} ; 


(5) un [rr {yt (2, t) x(x, t) + pila, t) yr(x, t) + pa (x, 8) yrlx, OF 5 


K = fata {yt (x, t)ys x(x, t)} 


All of these have integral eigenvalues and refer to the total charge, the lepton 
number and the neutrino chiral number respectively. The weak coupling 
constant G has the dimensions of an area. We have, in accordance with present 
experimental results, included only the universal chirality-invariant V— A inter- 
action through charged currents. 

Unlike the other three-field (Yukawa) interactions, the four-fermion inter- 
action can lead to physical scatterinig and decay processes in the first order 
(first Born approximation): 


e VIAN et+y—->ecy 
(6) d RWS bie Thais Woe hs any 
| Uap VSS N u+væe+y 

pae vii Oo Ghee ey AU 
(7) =e yy, 


Of these interactions only the weak decay process (7) is experimentally tested; 
and here the detailed predictions regarding the energy spectrum, polarization 
correlations, etc., are in excellent agreement with the results of the lowest 
order calculations, except for small corrections. Most of these corrections have 
been quantitatively analyzed in terms of electromagnetic effects (5); the re- 
mainder, if any, has been the subject of several speculations concerning inter- 
mediate vector mesons (‘). Since the calculation of the decay spectrum, ete., 
from the covariant transition matrix element for the decay reaction is avail- 
able elsewhere in the literature we shall not present them here. The scattering 
processes (6) have not been experimentally investigated so far; in most cases 


(?) Quantitative calculations have been made by S. BERMAN and T. KINOSHITA 
For a comprehensive review, s pre : = 
p Do review, see R. P. FEYNMAN: Proc. Tenth Annual Rochester Con- 
jerence on High Energy Physics, 1 niversity of Rochester, (Rochester 1960) 
6) See. for ex mp Nn : e È ? è 
ad (°) ra for example, I. D. Lee: Proc. Tenth Annual Rochester Conference on High 
Energy Physics, University of Rochester, (Rochester, 1960) 
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they are masked by other dominant reactions (7). By the same token «all avail- 
able experimental results » are consistent with the interaction introduced above. 
It is interesting to note that with the specific choice of the V— A interaction 
there are no self-energy effects in lowest order; the 
only possible fermion loop contribution shown in Fig. 1 
vanishes by reasons of invariance. 
The agreement of the lowest order predictions 
with experimental results is gratifying especially in 
view of the smallness (*) of the coupling constant. 
However in any consistent theory one must be able Fig. 1. — The first-order 
to show that the higher order corrections are small; fermion self-energy dia- 
and one must be able, with sufficient labour, to com- SHEN 
pute these corrections. This is all the more important 
since there are small but significant deviations from the lowest order calcu- 
lations (with electromagnetic corrections included) in the experimental results. 
These results may be summarized by saying that the effective four-fermion in- 
teraction is « slightly » non-local. Now a non-local effective interaction always 
results from any local interaction taken in higher orders. Some authors have 
considered this non-locality of the effective interaction as sufficient ground to 
interpret the four-fermion interaction as being mediated by the exchange of 
a vector meson, the basic interaction then being taken as the direct coupling 
of the vector meson field with the weak interaction 
current (3). We shall not do so, but rather consider 


pee the four-fermion interaction (1) itself to be the basic 
eno» interaction; the problem then arises as to the magni- 
tude of the higher order corrections stemming from 
this interaction. 
Fig. 2. — The two-vertex It is however immediately verified that the ex- 
HN pressions for higher order corrections are in general 
divergent and therefore meaningless as they stand. 
This divergence has its origin in the divergence of the two-vertex fermion 
loop illustrated in Fig. 2 with the corresponding matrix element proportional 
to the expression 


Ju Tr {y“(1 + ys)(p+ q — m)-t A+ ys)(q — m'ITT, 


(7) Recently H. M. CHiu has pointed out the possible relevance of the reaction 
ee > v+ in stellar evolution; but no experimental information about the details of 
these processes (or even about their existence) is available to date. 

(8) When we say that a coupling constant with the dimensions of an area is «small » 
we must include some natural unit of length; for this we take the inverse of the total 
energy in the center of mass for the process considered. 
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which is quadratically divergent. The lowest non-vanishing correction to the 
fermion self-energy as well as the lowest correction to the two-fermion scat- 
tering (or muon decay) processes involve this divergent quantity and hence 
cannot be computed without an essential change in the interpretative postu- 
lates of the theory. Such divergences are typical of all local interactions and 
have been handled in a covariant fashion through the renormalization technique 
in electrodynamics (and other renormalizable theories) by a redefinition of the 
physical parameters of renormalized coupling constant and masses. However 
such an elimination of the divergences is not possible for this theory in higher 
orders since new infinities appear in the higher orders and there are an infinite 
number of such terms. We shall see later that in the theory discussed in this 
paper also it is necessary to carry through a renormalization of the physical 
quantities but not for the purpose of elimination of the divergences. We must 
find then some other method of circumventing the divergences. A method 
of constructing such a finite theory was outlined in a previous paper (*); and 
we shall discuss the theory of four-fermion interactions based on this method. 


3. — Theory of coupled lepton fields. 


The Lagrangian density (1) involves three different fermion fields y, y,, y. 
We now generalize this to contain eight fields, four charged fields and four 
neutral fields represented by y°, 7” respectively and write the analogues of 
(2) and (3) in the form 


4 4 
(8) Le) = > 7 (p — UP) x? + SPA (p — m)y® , 
j=1 j=1 
4 4 
(9) J, (2) Di Di Rete ET 


The eight parameters uw” and m have the dimensions of a mass but are not 
to be identified with any observed masses. These fields obey the following 
anticommutation relations for equal times: 


atx, 1), x (x', t)} = (119, d(x — x’), 
a) {pt (x, 1), pP(x', D} = (—1)16,, d(x — 2), 
all other anticommutators — 0. 


One notes that there are two constants of motion for this interaction 


(11) 
1 = fur à a (x, t) p(x, t Ei 
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The indefinite sign for the anticommutators in (10) shows that the metric 
in the space cannot be positive definite: more specifically, the fields SEI 
y®, yp all have the «wrong» sign for their anticommutators. The metric 
appropriate to this quantization (*) is given by 


(12) n == exp zi | aly + Ap ay SE fry as 1° 4° , 


/ 


Here the definitions of y* and 7, etc., are made in accordance with this metric; 
more specifically y* is the pseudo-hermitian adjoint of y. With these defini- 
tions if G is chosen real it then follows that £ is pseudohermitian; and all 
expectation values of the pseudohermitian quantities being real, the Hamil- 
tonian density constructed from the new Lagrangian density (as well as all 
hermitian functionals of it) would have real expectation values. 

We now proceed in the usual fashion (1) to construct a perturbation series 
which is manifestly covariant, which is appropriate to the above interaction. 
Most of the steps in the derivation of the perturbation series are identical to 
the corresponding derivation for a theory with positive definite metric. We 
omit this derivation but merely state the intermediate result giving the 
S-matrix as a power series in the time-ordered products: 


(13) S=S(—i)"(n fate oy fare, TAG (a1) AUS 


n=0 


where the co-ordinate space integrations run over the entire range — co to 4-00, 
T is the time-ordering symbol, and #(x) is the interaction density in the inter- 
action representation. For expressing S in terms of particle amplitudes, it 
is necessary to express the time-ordered product in terms of normal products 
and contraction functions (« propagators »). At this point the indefinite metric 
shows itself in giving a different expression for some of the contraction functions ; 
one finds in fact that the « ghost fields» vy, y'®, y®, y® give rise to propo- 
gators with the opposite sign as compared to a normal field with the same mass. 

The origin of this negative sign may be seen most clearly by working with 
a single Fermi oscillator with the « wrong » sign for the anticommutator; the 
creation and destruction operators at, a satisfy: 


fa a}=—1;  {aa={w,a}=0. 
(9) Compare S. N. Gupra: Proc. Phys. Soc., 63, 681 (195C); 64, 850 (1951); 


K. BLEULER: Helv. Phys. Acta, 23, 567 (1950). 
(9) F. J. Dyson: Phys. Rev., 75, 1736 (1949). 
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The states |0) and |1> have the scalar products: 
<0|0> = Ly Lod ROLE 0 e 
Consequently the contraction function is given by 
<0 |aat|0> = <0|{a, at} — ata|0> =—1, 


which is of the opposite sign to the usual case. Note that this result (like the 
corresponding result for the «normal» case) is independent of the represen- 
tation. However, in writing down the complete matrix element it is also ne- 
cessary to specify the representation chosen for the creation and destruction 
operators; for the «normal » case the usual choice is to take a, a* to be real 
and we shall choose the same convention for the present theory also. The 
«abnormal » fields would have a relative sign change between the emission 
and absorption matrix elements. 

The rules for calculating transition amplitudes may then be written down 
using Feynman diagrams and the Feynman rules with two modifications: 


i) all contraction functions involving the «abnormal » fields are to be 
taken with an additional negative sign; 


ii) all emission matrix elements involving «abnormal » fields acquire an 
additional negative sign: all absorption matrix elements are unchanged. 


As in conventional theory it is advantageous to work in momentum space; 
in the usual theory the fermion contraction function (“) is of the form 
(p—m+ie) 1 We mentioned in the last section that the abnormal fields ac- 
quired an additional negative sign to their contraction functions. But from (9) 
it follows that to every Feynman diagram there corresponds another Feynman 
diagram in which any neutral lepton line corresponding to any type is re- 
placed by a neutral lepton line corresponding to any of the other three types; 
and similarly for the charged lepton lines. It then follows that, as far as the 


internal fermion lines are concerned only an effective neutral lepton contraction 
function 


4 
(14a) SA (p) = ÿ (— (D Se + e) 


ÿ=L 


and an effective charged lepton contraction function 


4 


(140) S,(p) = 2 ( — 1) (p — m+ te) 


(1!) This contraction function differs from the usual expression by a factor i/(27)!; 
we shall use this definition throughout this paper. | 
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enter the theory. We may now choose the mass parameters such that 


(15) LA e +- ee Le = md m2? m3) ma = 0 


since they are so far undetermined. With this condition satisfied, the effective 
contraction functions decrease as fast as p7* for large values of the momen- 
tum (1°). This decrease is sufficient to make the two-vertex fermion loop con- 
tribution (Fig. 2) finite; we shall discuss their precise evaluation later. We 
note in passing that this replacement of individual lines by an effective con- 
tribution applies to internal lines only. (The external lines have to be con- 
sidered in a somewhat different fashion and in- 

volves a new interpretive postulate. These mat- 


ters are discussed in Section 4.) We shall assu- a . = 
me in the rest of this paper that the require- 
ment (15) is fulfilled by the masses. 

Let us now consider some higher order effects. Mig: 3. — The second-order fer- 
The simplest is the fermion self-energy and there SURI SO ete D 
is only one type of diagram which contributes 
to this which is shown in Fig. 3. By a procedure completely analogous to 
the one adopted in the usual theory (1%) we can write for the self-energy of the 
charged and neutral leptons the matrices: 


Sy(p) = (22)-*G? | dq yall + Ys) Sy(p — 9) y,(1 + ys) 020), 


(16) È 

Dep) (21) | d‘q yu(1 + ys) 8,(p — 9) y,( + ys) Cy (4) ; 
with 
(17) Cr (4) far Tr {y"(1 + ys) S(d + k) y" + »:)S,(k)}, 


and similarly for C#(q). Making use of the identity 


/ a4 Nand 
(18) (2 — mi) + (e — mm)" È Lx- - na | È Dee È i = 
(mxt3m—k)/4 (ma—maitk)/2 
= 2 da | dp (z— a — fp), 
(Smitmeth)/4  (mi—ma—R2 


(2) With only four fields with contraction functions of unit weight it is not pos- 
sible to make the effective contraction functions fall off faster. 

(13) See, for example, J. M. Jaucn and F. Ronruicu: Theory of Photons and Electrons 
(Cambridge, Mass., 1955). 
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we can rewrite the expression for C#{(q) in the form 


al 


(19) Cy = 16 f fa ct || dP, dB, Bts 0x+8:(1) » 


where the limits of the « and f integrations are as given above; and 


j al 3 D date 
(20) Ba 3,(4) = Jan fyM(L + R)(q +k — Ay +ie) y" + ys)(k— A + te) 9} = 
L 
= ai für (ata LAC) — 9 (1— a)? |g” + 3x (1 — 2) [9 — a" aT} - 


0 


al — [Ai + A1 — 2) — a1— 2). 


The important point to note is that these quantities are finite; and for « rea- 
sonable » values of the masses, in view of the smallness of the coupling con- 
stant G, these expressions are «small ». 

Similarly for the basic scattering process involving four external fermion 
lines the lowest order correction arises through the bubble diagram illustrated 
in Fig. 4. There are two such diagrams; the corresponding «reduced matrix 
element » (which replaces Gg”) is given by 


(21) AV (Ds Das Ds D.) = (2x) tip + pa) 
for the diagram Fig. 4a (and a similar ex- p p' 


pression for Fig. 4b). Here CO“ is ©” for the 
choice of particles with momenta p,, ps to be 
two charged leptons of opposite charge; and lp 
similar expressions for the other cases (14). 


Vv 
p Pp, 
2 2 
a) b) 
Fig. 4a, b. — Lowest-order corrections to scattering. 


14 ney x x ati 7 a . 
(74) In case p,, py are respectively charged and neutral, then the defining expression 


cu A d Sr Ss: 
or (© contains one S, and one S, in an obvious manner. 
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One notes that these corrections are also finite. It is also of interest to note 
that this correction, eq. (21) leads to non-locality in the effective interaction ; 
and the two-vertex loop, Fig. 2, here plays the role of an «intermediate vector 
meson ». There are two important differences however: the intermediate me- 
sons are both charged and neutral, so that the theory does not correspond to 
a theory involving only charged vector mesons. The quantity 0“ which plays 
the role of a vector meson contraction function is a non-trivial tensor in its 
indices; and corresponds to vector mesons with a continuum of masses. A 
consequence of this formal analogy is that the predictions of the present theory 
will be qualitatively similar to those of an intermediate vector meson theory. 

One might calculate higher order effects in a similar fashion. Examples 
of some higher corrections in the next order are illustrated in Fig. 5. In a 
systematic analysis of these higher order corrections it is necessary to note 


4 
a 


Fig. 5. — Some higher-order corrections to scattering. 


that the «physical » lepton masses are shifted by varying scuba US 
to (16) and (17). In addition the physical particles ane associated with « mo- 
dified » fields; this feature is a consequence of the existence of SEA fields 
with all their « kinematical quantum numbers » the same and differing only 
| To exhibit the theory in à form which is completely 
enormalized perturbation expansions (1°) it is 
series in terms of the «observed » masses, 


| in their mass parameters. 
analogous to the conventional r 
necessary to rewrite the perturbation | 
- the « modifled » fields and «observed » coupling constants. This renormali- 


Ci 2 - Il Nuovo Cimento. 
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zation programme has of course nothing to do with the elimination of any 
infinite quantities; the renormalizations (or at least the coefficients of the power 
series expansion) are finite in the present theory. The manipulations are com- 
plicated and are relegated to the Appendix. 

Two points are to be mentioned here. Firstly the weakness of the coupling 
and the consequent smallness of the expansion parameter makes most of these 
higher order corrections somewhat academic; but it is interesting to demon- 
strate how the theory could be consistently renormalized. Secondly, (as seen 


‘from (A.12)), the renormalized coupling constants are no longer equal; such 


a departure from universality of effective coupling strengths is of course ex- 
pected, but again, in view of the smallness of the interaction constants, these 
departures will be small. 

These remarks, then, dispose of the problem of higher order corrections to 
transition amplitudes; the transition amplitudes are now completely described 


‘once the external lines are specified. In view of the underlying indefinite 


metric, the transition amplitudes would correspond to a pseudounitary S-matrix. 
Hence the physical interpretation of such a theory requires a new interpretive 
postulate consistent with the present formalism as well as with general quantum 
mechanical principles. The nature of this new postulate was briefly discussed 
in two earlier papers. A more systematic discussion is given in the following 
sections. 


4. — Measurable quantities in many-particle states. 


In usual forms of quantum mechanics the states consist of vectors of unit 


length in a Hilbert space; if the dynamics is invariant under a group of trans- 


formations the states furnish a representation of the group which is in general 


reducible. These statements are true in all forms of quantum mechanics; in 


particular in all relativistic quantum theories the set of all states furnish a 
reducible representation of the proper inhomogeneous Lorentz group (+5). If 
the relativistic quantum theory is a consistent theory and has an underlying 
Hilbert space (with a positive definite metric) these representations are a Gee 
For the inhomogeneous Lorentz group one can prove (!) that all reducible 
representations are the direct sum (or direct integral) of irreducible repre- 
“AN for the time being, one may confine attention to either irre- 
ucible unitary representations or to appropriate direct i orals 

So far nothing has been said about eae concepts Roi MS 
It is generally assumed that physically interesting systems are capable of a 


| particle interpretation and that all dynamical effects can be described in terms 


(19) See, for example, A. S. WIGHTMAN: Phys. Rew., 101. 860 (1956) 
(16) E. P. WIGNER: Ann. Math., 40, 149 (1939) la” | 
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of particle interactions and scatterings. All the irreducible unitary represen- 
tations of the inhomogeneous Lorentz group are known and at present it appears 


that the only irreducible representations needed are the trivial no-particle. 


(vacuum) representation and the one-particle representations appropriate to 
particles of zero mass and spin 3 or 1 and finite mass and arbitrary (finite) 
spin. It is, of course, by no means clear that any interacting field theory could 
be constructed to give only these states (or can be constructed at all consist- 
ently!) within the present formalism. 

The vacuum state is invariant under all Lorentz transformations and the 
one-particle states (belonging to a definite particle type) form an irreducible 
manifold in the sense that any state can be obtained from any other by means 
of an appropriate Lorentz transformation. These states are non-degenerate 
and are «steady » in the sense that a state with a definite value of energy, 


momentum and helicity belongs only to one such irreducible manifold. The — 


| two-particle states on the other hand are neither irreducible nor steady in 


general; consequent on this fact one can expect scattering processes in two- 


particle systems. 

All these comments are equally true for any many-particle system. Yet 
there is intuitively a well-defined distinction between two-particle states and 
all other many-particle states. To make these notions precise we introduce 
the following characterization. Consider a quantum-mechanical state con- 
sisting of two-particles; then all dynamical variables of the system are func- 
tionals of the two sets of « particle variables » and the wave function of the 
system is the product of two one-particle wave functions. This last statement 
is perhaps made more specific by saying that the (reducible) representation 
furnished by the two-particle states (which is a direct integral of irreducible 
one-particle states) is isomorphic to the direct product of two irreducible re- 
presentations. We now say that a certain state of an interacting system belongs 
to a two-particle manifold if there exists a manifold of states of the interacting 
system containing the state in question and closed PU: all Lorentz trans- 
formations which is isomorphic to a manifold of states (with the same values 
of the momentum and helicity) of a non-interacting system containing its 
two-particle states but to no smaller manifold. (Thus denned 2 « bound state » 
of two interacting particles also belongs to a two-particle manifold.) The need 


for such an elaborate definition is that in a quantum field theory the states 


are defined in terms of a Hamiltonian operator, etc., as suitable realizations 
of the Lorentz group but not directly in terms of particle observables. So the 


particle concepts have to be introduced from outside, and are to some extent 


. a) 4 \, MIRI 1 icaq 
arbitrary though restricted by consistency requirements (17); this point arises 


17) Compare A. 5. WIGHTMAN and S. S. SCHWEBER: Phys. Rev., 98, 812 (1955): 
R ak ue C. G. Suparsnan: Journ. Math. Phys., 1, 532 (1960). 
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even in connection with « one-particle » states for zero mass finite spin cases. 
Tt is then clear that the particle interpretation of a field theory is not uniquely 
defined by the field theory alone but depends on the choice of the construction 
of particle variables. 

We shall now consider the configurational notions associated with a two- 
particle state. There is first of all the concept of the « distorted » two-particle 
wave function which is nothing but the expansion coefficients for the states 
of the two-particle system in terms of the states of the two-particle states of 
the non-interacting comparison system (chosen so that the continuous energy 
spectra of the two systems coincide). There is also an intuitive notion of 
measurement of one-particle properties « when the other particle is far away »; 
this notion is not sufficiently precise to enable us to proceed with the con- 
struction of particle variables. To sharpen this postulate of particle measure- 
ment we demand that there exist interactions involving the two-particle states 
and classical apparatus which converts the two-particle system into a one- 
particle system; the measurement of one-particle properties can then be made 
in the standard manner on the states so prepared. The detection of one-par- 
ticle properties thus consists of a sequence of two operations on the system; 
the first stage of the compound operation may consist of absorption of the 
«other » particle (or of a suitably devised «shield »). The important point is 
that the other particle may no longer belong to the quantum mechanical state on 
which the one-particle measurements are performed. While no non-trivial com- 
pletely solvable relativistic example is available, for simple non-relativistic 
models these principles can be illustrated ('8). 

When we consider the more general framework involving the indefinite 
metric some of these characterizations have to be modified. The no-particle, 
one-particle, two-particle and many-particle classifications are still valid though 
the representations furnished for the Lorentz group are not necessarily unitary. 
However the no-particle and one-particle states do furnish representations; 
and in general in any representation which is a direct integral of irreducible 
representations, if one can exhibit a vector of each irreducible manifold which 
has a definite norm the reducible representation can be used to furnish a uni- 
tary representation, in spite of the underlying indefinite metric in the theory. 
Needless to say there may be manifolds of states which do not furnish a unitary 
representation; these states can then not be interpreted as physical states. 
The particle interpretation must then be in accordance with this limitation. 

Let us now consider a two-particle manifold of an interacting quantum- 
mechanical system involving an indefinite metric and consider the scattering 


18 TASCENITZERSA TIA LI ape ie | | 
( *) H. J DEE and E. C. G. SUDARSHAN: Quantum-mechanical systems with 
indefinite metric - II, submitted to Phys. Rev. 
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nine If there is only one kind of energy eigenstate belonging to the con- 
tinuous eigenstate, the S-matrix is either unitary (corresponding to real phase 
shifts) or the states are null vectors. In the first case there is no problem; 
the second case does not describe a physical system. On the other hand the 
energy eigenstates may be degenerate and there may be different «kinds » of 
two-particle states. In this case the S-matrix is in general not diagonal in the 
label specifying the « composition »; but we may construct the eigenstates of 
the S-matrix. It is then again clear that only states with normalizable vectors 
are to be considered; and from the discussion in ref. (3) it is clear that only 
states with a definite sign of the norm are to be allowed. The totality of all 
such states (which may be taken to be eigenstates of the S-matrix with posi- 
tive norm without any loss of generality) appear as candidates for being phy- 
sical states. It is clear that in the case of a positive definite metric, these con- 
ditions imply no restrictions whatever. 
There is one more condition to be satisfied by a two-particle state if it is 


to conform to intuitive notions as defined precisely in an earlier paragraph; 


namely there should exist the possibility of producing a physical one-particle 
state from this state by removing the « other » particle. This restricts physical 
states to be the scattering eigenstates with positive definite norm and which 
map on to two-particle states of the non-interacting system which consists of 
two physical particles under the defining isomorphism. This is the « asymp- 
totic condition » in our quantum field theory. 

One might argue that the « physical» two-particle states so defined are 
really not pure in composition and contain really different kinds of particles (7°). 
But such a statement implies that it is possible to analyze a given two-particle 
system and extract from it a negative norm single-particle state; we have seen 
above that any detection of one-particle properties presupposes an operation 
of conversion of a two-particle state into a one-particle state. Now all phys- 
ical operations should, within the postuiational framework, connect only phys- 
ical states. Hence an operation which converts a physical two-particle state 
into a non-physical one-particle state is not possible and consequently the anal- 
ysis of the composition of the irreducible physical states is not possible. This 
non-analyzability is fundamental to the framework and distinguishes these states 
from the analyzable eigenamplitudes for scattering of two coupled physical channels. 

The treatment of the external lines thus developed is the following: com- 
pute all relevant transition amplitudes in the theory and thus construct the 
generalized S-matrix of the theory to any desired degree of approximation. 
No infinities are encountered at any stage of the perturbation series calculation. 


(19) The author is indebted to C. J. GOEBEL for emphasizing that the consistency 
of the interpretive postulate enunciated in ref. (3) had not been explicitly demonstrated ; 


Z ; Bok tne NE Ta 
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The S-matrix is now diagonalized and a correspondence is established between 
these eigenstates of the S-matrix and non-interacting states of a comparison 
system (18). The physical states are chosen from amongst those states which 
are mapped onto many-particle states involving only physical particles. The 
set of physical states so formed describe physical particles undergoing mutual 
scattering. An illustration of these ideas for a simple exactly solvable model 


‘is given in ref. (#8). 


In the following section some simple predictions of the theory are men- 
tioned. 


5. — Applications. 


In the discussion so far we have dealt with general questions and made 
no specific choices for the masses or specific identifications of the physical 
particles. We know that there are two physical charged leptons namely the 
electron and the muon, the masses of these particles then fix two of the three 
independent charged lepton mass parameters. On the other hand for the neutral 
leptons there is only one neutral lepton known and it has zero mass; so two 
neutral lepton mass parameters are left undetermined. But the other physical 
neutral lepton mass must be so high that it does not appear in the decays 
of pions, kaons or muons, (or it should be practically the same as a neutrino 
as to be indistinguishable in experiments). This still leaves one parameter 
undetermined. 

We may now consider the decay of the muon in terms of the transition 
matrix element involving one initial physical particle and three final particles. 
There are many final states allowed by selection rules but only one physical 
three-particle state. But considered as a funetion of the momenta the matrix 
element would deviate from the predictions of the lowest order calculation 
by a small amount; we shall not attempt to calculate this correction here but 
simply mention that the quantitative analysis of these deviations (after the 
electromagnetic effects have been properly taken into account) should provide 
some estimates of the undetermined lepton mass parameters (2°). 

Strictly speaking we cannot discuss any of the observed meson or baryon 
decays in any quantitative manner since our theory as presented in this paper 
does not deal with strongly interacting particles. But the qualitative features 
of the weak interaction process can be displayed by considering a classical 
source (with a strength given by the vector or axial vector matrix element 
of the strongly interacting system) to be coupled to the leptons. The extraor- 


(*°) Such an analysis is now being made by S. Harsukape. With regard to the 
doubling of fermions, compare M. GOLDHABER: Phys. Rv. Lett., 1, 467 (1958) 
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| dinarily good fit of the predictions of the V—A theory for the (te +-v)/(x>u-+v) 

| ratio suggests that the damping of high energy transitions is still unappreciable 
at this magnitude of the momentum; and this is consistent with the absence 
of evidence for a neutral counterpart to the muon. On the other hand one 
expects some damping at the energy appropriate to kaon decay and hence 
the comparable rates of kaon and pion decays (in spite of the larger phase 
space in kaon decay) is at least in part due to this. If this is true then it is of 
great interest to measure precisely the (K —> e+v)/(K +u-+y) ratio and com- 
pare it with the unique prediction given by the lowest order V—A calculation. 
The leptonic hyperon decay problem as well as the other leptonic kaon decay 
modes are considerably more difficult to discuss because of the three-particle 
final states involved. 


6. — Concluding remarks. 


In the previous sections we have presented a finite relativistic quantum 
theory of leptons. The theory as it stands is incomplete since it does not 
include other particles and interactions, especially the interaction with photons; 
this will be remedied in subsequent papers of this series. The essential result 
of this paper is to show that it is possible to construct a consistent theory of 
four-fermion interactions without having to introduce intermediate vector me- 
sons. The theory also gives a natural raison d’étre for the muon; and requires 
the muon to be degenerate with the electron in its interaction properties. 

The theory does predict two neutral leptons; and in the present state of 
our experimental knowledge such a prediction is undesirable. But it should 
be stressed that such a particle is natural in the present formalism; and it is 
possible that it may have a mass high enough to be not observed in low energy 
reactions or low enough to be confused for the « usual » neutrino. If the latter 
circumstance prevails then the measurements usually made would not distin- 
guish this case from the usual assumption of only one kind of neutrino. But 
it is necessary to stress that since the definition of the « physical particle » in 
many-particle states involves a certain amount of freedom as explained in 
Section 4 and in ref. (!8), it is possible to arrange the «comparison amplitude » 
so that the neutrino is the only physical particle which is coupled (?1). How- 
ever this requirement appears somewhat arbitrary and unsymmetric; the 
question must ultimately be answered only by experiment. 

(21) It was mentioned in ref. (*) that in indefinite metric theories a particle inter- 
pretation requires the asymptotic condition selecting a subset of positive norm scat- 


the possibility mentioned in the text corresponds to 


tering states, (see also Sect. 4) =e 
a further selection among the positive norm steady 


additional restrictions and implies 
. one-particle states. 
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The question of the arbitrariness of the details of the present theory invites 
comment on another aspect, namely the choice of four charged lepton fields 
and four neutral lepton fields. In earlier studies involving modified propo- 
gators, particularly in the outstanding contribution by PAIS and UHLEN- 
BECK (22), the several independent fields were brought in by working with 
Lagrangians involving higher order derivatives. The question naturally arises 
as to whether our theory can be reformulated in that form; and whether it 
would be more desirable to start from such a formulation. Straightforward 
algebraic manipulations enable us to rewrite the theory of uncoupled fields in 
this manner (provided the two «abnormal » fields have equal masses), but 
the coupling term is no longer simple; this cireumstance is not accidental but 
due to the desire to incorporate the « observed » universality of the interaction 
between particles (2). Nor are the commutation relations of the primitive 
field of standard type but involve explicitly the self-same masses which we 
have introduced into our primitive Lagrangian (4). In view of this it appears 
that there is no advantage in insisting that the theory be reformulated in terms 
of a fleld satisfying higher order equations. 

It is also to be pointed out that unlike the motivation of certain earlier 
speculations involving an additional neutral particle, here there is no attempt 
to trace a symmetry between the numerical masses of the charged and neutral 
leptons. Nor is any sanctity attached to the zero mass; anyway, the success 
of the chiral V—A interaction for the different kinds of four-fermion couplings 
make any principle directly related to the zero mass of the neutrino somewhat 
irrelevant. 

Similar concepts are certainly applicable to the strongly interacting par- 
ticles and one might attempt the construction of a theory of fundamental 
fields, say the Sakata model, as a quantitative theory. But while the frame- 
work discussed here gets rid of the infinities the strength of the interaction 
makes it necessary to study more suitable approximation procedures for these 
problems than a straight-forward application of perturbation theory. The 
treatment of strong interactions thus requires additional tools; but these diffi- 
culties are not present for the quantum electrodynamics of leptons. 

One might argue that the method developed here (or any such involving 
an indefinite metric and a related interpretive postulate) is only a covariant 


(7?) A. Pais and G. E. UHLENBECK: Phys. Rev., 79, 145 (1950). 

(2°) This is to be contrasted with the situation arising from coupling the primitive 
field (obeying the higher order equation) directly. In this latter case the particles will 
not be coupled universally; compare eq. (54), (57) and (58) of ref. (22). 

(24) The « unaesthetie arbitrariness » of this Lagrangian (as well as of the Lagran- 
gians of current theories!) has been strongly criticized by I 


i i i ZIALYNICKI-BIRULA 
In discussions with the author. 
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form factor (*). Such an argument would certainly be valid; in fact, as argued 
in an earlier paper, the use of the indefinite metric is only as an aid to sim- 
plicity in constructing a finite relativistic quantum theory. 


The author is indebted to I. BrALYNICKT-BIRULA, P. CZIFFRA, B. P. NIGAM 
and H. SCHNITZER for critical comments. 


APPENDIX 


Renormalization. 


We remarked in Sect. 3 that while the perturbation theory developed 
there contains no infinite terms, there is still a difference between the « physical » 
mass of the various leptons and the «bare» mass parameter occurring in the 
original equation; similarly there will be higher order corrections to the various : 
four-fermion reactions. The renormalization program for the present theory 
is essentially the same as in the case of the usual «renormalizable theories » 
except that in the present theory we have only finite renormalizations to 
carry out. The discussion below follows the pattern of JAUCH and ROHRLICH (!8). 

Consider an arbitrary diagram; it is made up of an arbitrary number of 
charged lepton lines, neutral lepton lines and four-fermion vertices; there are 
8 Kinds of lepton lines and 256 kinds of vertices. According to the choice of 
the universal V—A four-fermion interaction all these vertices correspond to 
the same coupling constant and coupling type. We define a « self-energy part » 
as any part of a diagram which is connected to the rest of the diagram by 
exactly two lines. In the present theory it is necessary that both the lines 
are either charged lepton lines or neutral lepton lines, but the two lines need 
not belong to the same type of leptons; consequently the general self-energy 
part is a second rank tensor in the indices j, j' referring to the two lines in 
which the self-energy part is terminated. Similarly we define a « vertex part » 
as any part of a diagram which is connected to the rest of the diagram by 
exactly two charged lepton lines and two neutral lepton lines. The vertex 
part so defined is a tensor of the fourth rank in the two sets of two indices. 
(Note that the four-legged parts involving all charged or all neutral lines is 
not a vertex part according to this definition.) To every diagram there cor- 
responds a «skeleton diagram » obtained by replacing all inserted self-energy 


(25) Note that the form-factor involved here is a dynamical form-factor and mani- 
fests itself differently in different states; the question whether a theory involving a 


non-dvnamical form-factor can be consistent remains open. 
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parts by lepton lines (29) and all inserted vertex parts by simple four-fermion 
vertices, A. diagram identical with its own skeleton is called an « irreducible » 
diagram. As in the usual case we see that the only irreducible self-energy 
diagram is the second order diagram (Fig. 3) (though there are such self-energy 
parts for the eight leptons), since any self-energy diagram starts with one 
four-fermion vertex and the remaining part of the diagram is a vertex part 
according to the above definition; hence in any skeleton diagram the remaining 
part is also a simple four-fermion vertex. But there are an infinite number 
of irreducible vertex parts. 

Let 277 (p) and 2% (p) refer to the charged and neutral lepton self-energy 
tensors summed over all diagrams and let SY (p)= Sy (p;])ò;; and S7 (p) = 
— S,(p;j)ò;y be the bare propagation functions. The modified propagation 
functions S'#(p) are then given by 


SÙ (p) Sl) Sy(p) Xo (p) Sy(P) ; 
= SyP; 7) 55° + S,(p)2% (9) S,(P) : 


And the modified vertex part is given by 
(A.2) LF %4%%(p, Pa, Pay Pa) = Yu + Ys) XY" + ys) +A/##(p1, De, Pas Pa); 


where the first term on the right-hand side corresponds to the primitive chiral 
V—A coupling and the second term represents the sum over all proper vertex 
parts, a «proper » diagram being defined as one which cannot be separated 
into two disjoint diagrams by opening a single line; the contributions from 
improper diagrams have already been included in the modification of the 
propagation functions. In view of the chiral V—A interaction under recouplings 
the order of coupling the four fields in (A.2) is irrelevant. 

We now separate the contribution from all the diagrams into « renormali- 
zation » and «physical» parts. For this purpose we rewrite the inertia term 
in (8) in the form 


4 
(A.3) D MP = Y MOO yO = D MP Pin Pen — > APE), 
i, j j r=1 


sig 


where the modified field y, is given by 


(A..4) Wry = Di vtr) pid) È 


j 


The unitary matrix »(r) and the numerical matrix A” are as yet undeter- 
mined and are to be determined as follows. Using the 


: new masses my’ and 
the new fields y, we may define the propagators SEP). 


Let us first consider 


26) "There is a glio ‘for : : ; 
(*°) There is a slight difference in this operation from the usual case because of the 


tensor character od the self-energy parts; but no troubles arise from omitting an explicit 
recognition of this in our work. 
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the irreducible self-energy parts (Fig. 3) which are of the second order. We 
note that according to (A.1) the self-energy part is a tensor in the indices Jap 
and may be written in the form a 


y y i 


ji’ jj? : (à -1(7) j ji 
(A.5)  Zy(P)=dy — 2 By Sy (PM) + 


4 
RE > Sp) M""(p) Sy os (rion) 4 
T,T =1 


and we require this to be computed using the new propagators Sy(p). A com- 
pletely analogous expression can be obtained for the neutral lepton self-energy 
part. Similarly we write the vertex modification by all the irreducible con- 
tributions as the sum of the renormalization and physical parts : 


(4.6)  A'ann(p,, ps, pi, ps) = Lay (1 + ys) x 14 ys) + 


{ 


+ I Am (Dy, De; Dir Da) Up TEO 


TiTaTgTa 


In (A.5) and (A.6) the separation into the two parts is to be made definite 
by the requirement that for all the momenta p;, ps; Pi, p, on the mass-shell 
for the modified « particles » denoted by »;, 72,71, 7 and the primed and un- 
primed quantities being taken equal and at the threshold for the reaction 
Pa + D: > P1+ ps the physical correction part of (A.6) vanishes. 

We now proceed to the separation of the physical parts of proper reducible 
diagrams by a method of induction. For this purpose we take any diagram 
of arbitrary order and assume that diagrams of all lower orders have been 
separated into the renormalization and physical parts. We now replace each 
vertex part and each propagator by the sum of the unmodified part plus the 
physical part i.e., drop all renormalization parts of the modifications; sepa- 
rate the physical part of the proper diagram so computed and sum the con- 
tributions so obtained from all the proper (reducible and irreducible) diagrams 
to obtain expressions formally identical with (A.1) and (A.2). These equations 
indicate a shift in mass of the modified fermion «7». To define « physical » 
particles we now determine vy (7) so that by treating the term mo YoY as 
the inertia term in the calculation both (A.3) and (A.5) can be consistent with 
each other. When such a choice is made the mass renormalization is com- 
plete and in all further calculations the mass shift of the (modified) « free » 


particles may be taken to vanish. It is important to note that in the present — 


theory the « mass renormalization » not only redefines the mass of the physical 
particles but also defines the physical particles in terms of the modified fields. 

Let us now complete the renormalization by introducing the physical 
propagators, vertex functions and renormalized coupling constants. Define 


(AT) Sag Pp)= Sy") er MA), 
(A..8) Soy (D) = D UD) Oya! ae MY (p) : 


rai 
fe TAN (riret Ts 


(A9) Teri (ppop:P9) = vu + 75) X YU + 75) 4 (Dip sPrPa) - 


28 E. C. G. SUDARSHAN 


We now assert that 

84 ({x}) = PAP SN (0), 
SG) = {22 ZA8A (0), 

(A-11) Dis ({Go}) = Roe Ven A Ved [alata ({G}) i 


(A.10) 


with {G,} denoting a new set of 256 renormalized coupling constants: 


ae ARIE ) 
(A.12) Golf 929192) = | 0a Ca 


Y inied iy) 


Along with the propagator renormalization there is also a wave function renor- 
malization. The proof of the assertions embodied in (A.10) to (A.12) consists 
in showing that matrix elements computed in the usual fashion from the 
original Feynman graphs are identical with the result of computing only the 
physical part but with the renormalized coupling constants (4.12), provided 
the mass renormalization (including the definition of the physical combinations) 
is already carried out and provided that the renormalization constants are 
defined by the equations: 


(A.13) L= BIG) 
(A.14) AT DIE Lois ({Go}) , 


This may be verified in a straightforward fashion. 

The renormalization constants (A.13) and (A.14) are thus given as power 
series in the renormalized coupling constants. The question as to whether 
these quantities are finite or not would then depend upon the convergence 
of these power series. There is no reason why the series should converge, 
though in the present treatment the coefficients of the power series are all 
finite quantities and an estimate of the expansion parameter made in the 
previous section shows it to be very small. Further, the study of certain simple 
models exhibits the analyticity of the functions (of the coupling constants) 
defined by the power series (35). In the absence of any proof to the contrary 
we take the renormalization constants to be finite and the theory to be well- 
defined. 


RIASSUNTO (*) 


Formulo una teoria relativistica finita delle interazioni dei quadrifermioni; la 
teoria comporta come componente essenziale l’uso di una metrica indefinita. I pro- 
blemi di interpretazione che sorgono con l’uso di una metrica indefinita vengono ana- 


lizzati in relazione agli osservabili ed alla struttura degli stati a molte particelle nella 


teoria quantistica dei campi; e si dimostra la coerenza dei postulati interpretativi. 


La teoria fornisce incidentalmente una «ragion d’essere » per il muone. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO MOLARE Nigel 19 Luglio 1961 


Some Partition Problems with Analogies in Quantum Statistics. 


R. L. INGRAHAM 


Research Center, New Mexico State University - University Park, N. Mex. 


(ricevuto il 1° Marzo 1961) 


Summary. — The problem of counting configurations of spins in Ising 
lattices which satisfy various algebraic conditions is formally similar 
to computing the entropy of certain many-particle systems obeying 
Fermi-Dirac statistics. Steepest descent methods are used to solve several 
of these problems, and the analogies with quantum statistical formulae 
noted. 


1. — Introduction. 


Some counting problems have been encountered in a new approach to the 
3-dimensional Ising lattice which can be solved (at least in the interesting 
asymptotic ranges) by techniques already known in quantum statistical mech- 
anics. That is, solving these purely mathematical partition problems may be 
interpreted as finding the entropy of certain statistical assemblies under various 
« conditions » (constraints). It is noteworthy that the rules of the counting 
demand quantum, rather than classical, statistics for the states of the formal 
many-particle assemblies so defined. For example, when one is counting dif- 
ferent configurations of spins distributed over the Ising lattice which satisfy 
certain algebraic conditions, the situation in which lattice sites 7 and j are 
«occupied by spins-up » gives naturally a single configuration. One must not 
try (and there is no temptation) to distinguish the two spins-up and count 
as different configurations the situation: « spin-up 1 occupies 7; spin-up 2 oc- 
cupies j» and the situation: « spin-up 1 occupies 7; Ho 2 occupies 7. » 
In the hope that this analogy may prove useful in wider conte than the 
particular problems mentioned here, we publish the following note. 
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2. — A preliminary counting problem. | 


As a preliminary, simpler problem, say that one defines 


NY 
(2.1) at(ri;ri, «rt kh) => cop ker, 
t=1 


where N* spins-up are distributed over the lattice of 4 > N° points (*) at the 
points r}, i=1... N*. The other Ising lattice points then have spin down, of 
course. k is a certain wave number whose definition is unimportant here. The 
question is: in how many ways can this be done such that a*(r{, ry, ... ry+3 k) = 
= some fixed number a? We can rephrase it this way: consider the equation 


i 
(2.2) a => Nek e;= cos k-r; 
i=1 
with 
1 if lattice site r; has spin up, 
(2.3) Ni = 


0 if lattice site r; has spin down. 


Then we ask: how many configurations {n;} satisfying (2.2) exist? This is the 
same as asking for the antilogarithm of the entropy of a Fermi-Dirac many- 
particle system with single-particle « energy levels » e; = cos k-r; in the micro- 
canonical ensemble of total «energy » H = a, with no restriction on the num- 
ber of particles participating (except of course the inequalities => MEN). 
This problem, for # very large and large H, can be solved by a steepest de- 
scent method which is a slight modification of the treatment given, say in 
Schrodinger’s book (*) or in the book (*) of FowLER and GUGGENHEIM. We 
state the problem in a slightly more general form, then write down the answer. 
Consider the equation | 


N 
(2.4) Hs) mie) nr Oris 
iI 


The restrictions on the single particle spectrum are 


1  1Q ene Avy | q icti C ti 
(!) As is customary in statistical mechanies N+ and N (Sect. 4) are reserved for 
«numbers of particles ». The script symbol refers to the number of single-particle 
2 toe . = Fi = eae i / 
states, which happens to be finite in these formal Fermi-Dirac systems 


(*) E. SCHRÔDINGER: Statistical Thermodynamics (Cambridge, 1946) 
3 ni ITR € nu TON à ture Ù i 
(3) R. FowLER and E. GUGGENHEIM: Statistical Thermodynamics (Cambridge, 1952). 
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a) There are WY (WN very large) single particle states, labelled by 7, of 
energies ¢;. The e; are integers whose g.c.d. = unity. (This must be attain- 
able by a suitable choice of the energy unit.) 


b) Positive, negative, and zero e, are allowed, but the number of either 
positive or negative e, is large, say =O(.%). (For definiteness, in this paper 
we assume, that the number of positive e; is large, = 0(W). 


c) When # is made to approach co by varying external parameters 
(volume of a gas container, edge of a lattice with fixed lattice constant, etc.), 
the energy density of single particle states has the form w(e)=.V6(e), O(e) 
independent of VW, for large W. 


Conditions a), b), c) are probably sufficient that steepest descent methods 
can be applied and yield asymptotically exact answers. Then if exp[o(#)]= 
=number of configurations satistying (2.4) (0(£), the entropy of the system 
in the condition (2.4)) 


il A 5 à 
(2.5) OUEN == = Flog a > log-(L= EEE 3 log sa > ef sech? Gs log 3) ; 


where the parameter Ë — é(E) is given implicitly by 


E is supposed large, and a 1 has been neglected relative to £ in (2.5), (2.6). 
The last term in (2.5) is of lower order than the first two owing to assumption e) 
and may often be neglected. 

For the particular problem given at the beginning of this section 


Al 1 


x (Ia 


: (suitable k), 


(2.7) w(e) = 


and changing sums to integrals, (2.6) takes either of the forms 


a 0/2 o 
| a E cosy ses : sin 6 dé LA 
(2.8) 27 irc dg Ah + exp [— sin0 logé] 
0 —n/2 


The second integral shows clearly that it is an odd function of log È. 
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1E/2N is plotted as a function of log È in Fig. 1; it is not expressible 
in terms of known functions. 

The theory applies here even though the e, of (2.2) are not integers. The 
reason is that the (purely combinatorial) result (2.5) cannot depend on the 
choice of the energy unit, which can thus 
be taken so small that the spectrum (2.2) 
approximates an «integral » one as closely 
as desired. The formal proof that (2.5) 
cum (2.6) is independent of the energy 
unit follows immediately from the obser- 
vation that if the e, and £ are integers 
(the actual energies in terms of the energy 
unit e) and the larger integers &, = Kei, 


à _ logé E'=«xE, «= positive integer > 1, relative 
1 L 1 A 
0 5 10 15 20 25 to the smaller energy unit e = e/a, then 
Fig. 1. - The parameter $ as function 
of E for the spectrum e; = cos k-r,, (2.9) CLIO 
VARIANT 


from (2.6). 
Note also that ¢ is a function only of the intensive E/N (cf. (2.8)), there- 
fore if N + oo and E+co such that E// = const., the first terms in (2.5) 
are 0(/V), the last term only O(logwW). 


3. — Complex spectra. 


The problem actually encountered in the work on the Ising lattice was to 
find in how many ways one could distribute spins-up over the lattice such 
that the sum 


nt 
> exp [—ik-r}] 
i=1 


equals some fixed complex number A. Unfortunately, the theory of Section 2 
does not work for complex energy levels, so that the problem becomes one of 
finding the entropy of a system in a condition specified by two constraints. 
Similar problems for real quantum Systems have been solved (*) but always 


with the special spectra dictated by the physics. We therefore generalize those 
techniques slightly. 


Or 


(*) See, for example, reference (3), $ 21 
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Consider the simultaneous equations 


71 N 
(3.1) DESIRE, B= > 70; = ODEs le 
i=1 i=1 


where {e;} and {6,} are single particle spectra of the type described by assum- 
ptions a), b), c) We ask*for the number f'exp [o(E, F)] of solutions {n,} 
satisfying (3.1). o(H, F) is the entropy of the formal FD system in the con- 
dition specified by (3.1). Define 


(3.2) f(z, w) sal (1 + 20°) 
and 
(3.3) exp [g(e, w)] = 27% tw? f(z, w) , 


where 2 and w are independent complex variables. Then the desired number 
is given by a double contour integral: 


(3.4) exp [o(#, F)| = a) dp de dre exp [g(z, w)] , 


where the contours encircle the respective origins, etc. 

For general e, and è, this problem is not exactly identical with any found 
in quantum statistics. For all 0, —1 it could be interpreted as finding the 
entropy in the microcanonical ensemble E with fixed number # of fermions. 

When (3.4) is evaluated by the method of steepest descent one gets 


(3.5) o(E,F)=— Elogî — F logw + Ylog(1+ fw) — 


LE 


where the parameters (2, F) and (E, F) are determined by 


ello 


e,93|, 


Ei mot 


: 0; 
E; 
(3.6) ea de AL 


E 


The last term in (3.5), which is again only O(log-#”) and may often be dropped, 


3 - Il Nuovo Cimento. 


2601 


"ia 


34 R. L. INGRAHAM 


involves the norms and inner products (5) defined by 


= (€, €) , 


(3.7) (er d)= > er0i97; lle 
g:= sech? [4(e, log È + 0; log w)]. 
The particular problem cited at the beginning of this section is the case 


[ei = cos her, 0, —=—sink-r;,, 


3.8 
SE | w= ReA, F=ImA. 


4. — Meaning of the parameter ©. 


The average occupation number of the i-th level, 7;, defined as the average 
over the configurations satisfying the single condition (2.4), can be likewise 
computed by the method of steepest descent (5) and comes out to be 


1 
4.1 i= 
ae PERC 


Then our o(£) must agree (at least in lowest order) with the thermodynamical 
entropy S(T)/k for that particular é(7) such that (È), (2.6), is the thermo- 
dynamical energy 
E; 

HMS n 

(1) 2: 1+ exp [(e;— u)/kT| 
This gives ¢(7)=exp[—1/kT] if the chemical potential u= 0, i.e., if the 
system is one in which the number of particles is not fixed but adjusts itself 
to the temperature in accordance with 


(4.3) NCE) STE (¢(T) = exp[—1/kT}) . 
Putting these into (2.5), we get 


e,/kT 
- exp [e,/kT 


(AMA) CET) |] =, li | + log (1+ exp [— eK} + O(log) , 


(5) One advantage of using these Hilbert-space notations is that the argument of 
the log in the last term of (3.5) is immediately seen to be non negative. In fact, it 
can vanish only in the case that e,cd,(i=1, ....M), which case is excluded anyway 


since then the problem degenerates into the simpler problem of Section 2. 
(8) See, for example, reference (*). 
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DI 
Gt 


which can be rearranged to give the well-known expression 


(4.5) o[E(T)] = S(T)/k = — Y {x}, log 


in terms of the ©,, (4.1), q.e.d. 


Thanks are due to Dr. O. THEIMER and Mr. R. Genrry for stimulating 
discussions. 


RIASSUNTO (*) 


Il problema del conteggio delle configurazioni di spin nei reticoli di Ising, che sod- 
disfino varie condizioni algebriche, è formalmente simile al calcolo dell’entropia di 
alcuni sistemi a molte particelle che seguono la statistica di Fermi-Dirac. Uso metodi 
di deduzione rapida per risolvere molti di questi problemi, e faccio notare le analogie 
con le formule della statistica quantistica. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Vor. XXI, N. 1 


Two-Particle Structure of the Mandelstam Representation. 


W. ZIMMERMANN (*) 


Institute for Advanced Study - Princeton, N. J. 


(ricevuto 111 Marzo 1961) 


Summary. — The two-particle contributions to the Mandelstam repre- 
sentation of the scattering amplitude are separated for the three reaction 
channels simultaneously. 


Introduction. 


Recently WILSON (+?) has given a clear formulation of the crossing sym- 
metric two particle approximation of the scattering amplitude which was 
indicated by MANDELSTAM’s work (34). In this approximation the meson-meson 
scattering amplitude satisfies the Mandelstam representation and the unitarity 
condition in the elastic region of each reaction channel. In the inelastic regions 
approximations are made for the unitarity condition, but in such a manner 
that the crossing symmetry is not violated. | 


(*) On leave of absence from Institut für theor. Physik, Hamburg. 

(1) K. G. WILsoN: preprint (1960), to be published. 

1 (2) The same results have been found independently by TER-MARTIROSIAN: Zurn 
Eksp. Teor. Fiz., 39, 827 (1960). The author is grateful to Dr. Lascoux for tota 
ming him about this work. 

(9) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958); 115, 1741, 1752 (1959), in the 
following quoted as M1, M2 and M3. For the meson-nucleon scattering a relativistie 
and crossing symmetric one-meson approximation was formulated in M1 in terms of 
perturbation theory. 

(4) From a quite different point of view the same approximation scheme has been 
proposed by CHEw and FraurscHI. In this work particular emphasis is laid on a 
unified tratment of high energy and low energy phenomena. For a preliminary report 
see G. F. Crew and S. 0. FRAUTSCHI: Phys. Rev. Lett., 5, 580 (1960) SE 


2604 


= 


PPS Je : 1 feta ; FO 
‘ 


TWO-PARTICLE STRUCTURE OF THE MANDELSTAM REPRESENTATION 


37 

As will be shown in this paper, WiLsow’s work can be easily generalized 
to a crossing symmetric treatment of the two particle structure of the scat- 
tering amplitude provided that the Mandelstam representation is satisfied. 
In carrying out this program we shall frequently make use of the convenient 
technique which has been developed by MANDELSTAM for handling the elastic 
unitarity condition and the analytic properties of the scattering amplitude. 

The analogous problem for the two particle propagation function has been 
solved by SYMANZIK (5) on the basis of a crossing symmetric Bethe-Salpeter 
type equation. This result is significant in so far as it can be obtained without 
using the conjecture of the Mandelstam representation. If applied to the scat- 
tering amplitude, Symanzik’s formalism also leads to a crossing sym- 
metric treatment of the two particle structure, however, in terms still involving 
the propagation function off the mass shell. 

Some well known consequences of the Mandelstam representation are col- 
lected in Sections 1 and 2. Using these results it will be proved (Section 3) 
that the scattering amplitude 7 can be decomposed in the form 


lt 


I 
3 
ae 

3 


where the elastic part 7, and the inelastic part 7,,,, again satisfy a Mandel- 
stam representation with full crossing symmetry. The spectral function 4@,,,, 
of the inelastic part 7’,,,, vanishes in the elastic region of each reaction channel. 
Consequently 7. has the same symmetry and analytic properties as T except 
that the three cuts start at the first inelastic threshold. In Section 4 two coupled 
non linear integral equations (14) are derived which determine the scattering 
amplitude for given inelastic spectral functions g,,,. By any solution of these 
equations an amplitude can be constructed satisfying crossing symmetry, spectral 
representation and the unitarity condition in the elastic region (5). If the 
inelastic part is neglected these integral equations represent Mandelstam’s 
two particle approximation (**). 

In Section 5 the method is extended to some other scattering processes. 
In particular the meson-nucleon scattering (spins disregarded) is discussed. 
As the treatment of the nucleon-antinucleon annihilation encounters certain 
difficulties only the one meson structure of the meson-nucleon channels will 
be studied. Neglect of the inelastic spectral functions then leads to Mandelstam’s 


crossing symmetric and relativistic one meson approximation (M1). 


(5) K. SyMANZIK: Report, Rochester Conference 1960 and private communications. 
The same equations have been obtained independently by T. T. Wu on the basis of 
perturbation theory (private communication). 

(6) Unitary scattering amplitudes can be constructed in many ways, see for instance 
R. BLANENBKECLER: preprint (1960). In general, however, the amplitudes constructed 
do not have the full analytic properties of the Mandelstam representation. 
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1. — Analytic properties. 


We consider the scattering of two identical particles of mass m, charge and 

. . r I 
spin zero. Let k,, k, denote the momenta of the incoming, k,, k, the momenta 
of the outgoing particles. For the scattering amplitude 7 we use the notation 


I out gp ) af (ue Di) +) Til | kiki) — À O(k, + k, — ki ks) T(s, t) ’ 


VAL PE kyky 
with 
s=— (k,+ k,)’, t = — (k,— ky)? 

For some causal and relativistic interactions it has been shown in some order 
of perturbation theory that the analytical continuation ®(s, t) of the scattering 
amplitude T(s,t) satisfies the Mandelstam representation (7). In this paper 
we will assume the Mandelstam representation and discuss the unsubtracted 
form (8) 


(1) DUS ties Ant 3 ds’ ols ) 2 dt’ 0) we du’ MR 
GE. l'— 1 o, 


Sito, TT 


where «= 4m?—s—t. The boundary values along the cut s>4m? are 


T(s,t) = lim D(s+ie, t) for s>4m?, 0<—t<s—4m?, 


e—> 0 


T*(s,t) = lim (s—ie,t) for s>4m?, 0<—t<s—4m?. 
EZIO) 


The spectral functions o(s) and (8, t) are real and symmetric 


(2) os, D = oh 8). 


() M2 (in fourth order); G. WANDERS: to be published (in sixth order). The 
Mandelstam representation has been discussed in any order of perturbation theory 
but the proofs given so far are incon TUTA 4 i 2 

the proc san o far are incomplete. T. T. Wu and C. N. YANG: private com- 
munication; H. Enz and J. Lascoux: private communication: R. J. EpEN, P. V. LANDS- 
HOFF, J. G. POLKINGHORNE and T. ©. Taytor: preprint 1961 

8 j JU RI , vor a : 
se i If ne de à over the g diverge (1) must be replaced by subtracted forms 
M1, 2, and ref. Sr ll pessary ifications of i i i i 
( » and ( )) he necessary modifications of the relations given in this paper 
can be easily carried out. 
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The relations of crossing symmetry are 
(3) D(s,t) = Dit, s) = D(s, 4m*—s —t) = D(Am?—s—-t,t), 
i.e. D is fully symmetric in s, {, and w. 
For simplicity we consider a pair theory (*) so that the three particle vertex 
function vanishes identically (the general case with non vanishing vertex func- 
tion is discussed in Section 5). We further exclude stable bound states and 


any coupling to particles of a different kind. Then no discrete masses occur 
in the discussions of (1) and we have 


(4) DIS) OSG) =O at SE ne t< 4m’. 
The discontinuity across the s cut will be denoted by 


(5) 2i A(s, t) = lim (@(s + te, t) — D(s—ie, t)) for s>4m2, 


é>+0 


and we will use the convention A(s,t)=0 for all s < 4m?. 
By crossing symmetry (3) the discontinuities across the other cuts are 


lim (D(s, t+ ie) — D(s, t—ie)) = 2iA(s, 1) for t>4m?, 
e>+0 


lim 4 f(D(s, Am?— s —u— 1e) — D(s, 4m? —s —u + ie)) } ='2A(u, 8), ou 1m 
e>+0 a 

For a fixed energy the scattering amplitude 7 and the absorptive part A 
satisfy a dispersion relation in ¢ 


ion Se = Ol8) +7 fa È i +1 fan e AE, 


De u—- v 
t) ; 
CAS ti 0(s) + 2 [ar Mt 22 o + au 7 Oh ED 
di — 4 
The constant term C(s) in (6) is given by 
il o(s' 
(8) ee fas (8°) Mies, 
IT SAS 


(9) I.e., the theory is invariant under the transformation 


of the field operator A(x). 


t- 
cal 


4 “ ra “a . ‘ 
‘ < x ‘ | 
| | 
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For s>4m? the scattering amplitude and the absorptive part are analytic func- 


tions of 


:os0= 1 — o. 
COS ¢ Wan 


regular on the complex cos 0-plane except for cuts along the real axis. With 
the notation 


T(s;10080)f=T(80)0 As cos.) = Ast), 
the dispersion relations (6), (7) take the form 


(e>+0, t(|5])= (s — 4m2)(|î|-1])2}). 


| +2 
de ir (EVA | E A ee 
(9) TS COS) =20(S) ee fac so (16D) 8 + 2 à BE 
a. È — cos 6 
+2 
Fols 4161 
(10) A(s, cos 0) = o(s) +5 fae 2(0)e(8 #151) 
(Are È — così 


T and A are even functions of così 
T(s; cos 0) = T(s; — cos 6), A(s; cos 0) = A(s; — così). 


The partial wave expansion 


T(s; cos 0) = > (21 + 1) T(s) P:(cos 0), 


i=0 
+1 
m | 
T(8)=3 fa cos 0 T'(s; cos 0) P,(cos 0), 
Si 


converges in the ellipse of the cos0 plane with foci +1 and semi major axis 


Sm? 
(8) = ] STE È = À Ru 
§ — 4m? 


if s>4m?. 
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2. — The unitarity condition. 


In the elastic scattering region the unitarity of the S-matrix implies 


(11) Im T(k,k, | kik.) = | dl, dl, 0(1,) d(Ë + m2)6(1,) d(Ë + me). 


PIE, ITAL 


if 4m?<s<16m?, s=— (k,+h,)?. 

For s> 16m? additional contributions to the right hand side come from 
intermediate states with more than two particles. For all s>4m? one can 
define, however, the two particle projection B of the absorptive part by the 
right hand side of (11) 


(12) = B(k,k, 


tks) = 3 [as dl, 0(1,) d(Ë + m°)0(1,) (B+ m2): 
TR ho ty Ua) TE (LR | EE) 


In the elastic region B coincides with A 


(13) B(kyk,|k{k) = A(kky|k,k) for 4mi£s<16m!. 


Introducing s and cos@ as independent variables 
Bk» |kyk}) = d(k14 k— ki, — k) B(s;"cos 0) . 


B(s; cos 0) satisfies a dispersion relation in cos 0 


AGNA reel 5h) TER 
(14) B(s; cos 0) = f(s) + = [a ant SANTE 
with the weight functions 
an Vs — 4m? 
(15) BU) = Fe (ONT) + I) — | COD} 
Vira AO a ae 
Lat e [as glam AGEN), 8 + Ge) A*((]7|), 8 + te) 
DEN : 
Seal ON: ce, RESI CAT 
RE Mn à ) 
Ce 5 9 = = |E [1 
E a i 4 VUE ear 


C= Em + VE-1Vp_1. 
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Here 7,(s) is the s-wave amplitude, C(s) the constant term (8) in the corre- 
sponding dispersion relation (6) of fhe 

Formulae of the type (14)-(16) have been obtained by MANDELSTAM (M1-3) 
and play a central part in his work. The derivation will be sketched briefly. 
We introduce 


T" (Keyke | lle) = T(kk,|bl) — C(kyke | ile) , 


with 


C(K,k | lle) = O( hy po! l,) Ce (Ay + ks)®) ) 


and replace the integrand 77* on the right hand side of (17) by 
DIES CIEL SCESE 


The integrals over the first three terms do not depend on cos @ and are there- 
fore determined by their s-wave projections. For the first term we obtain 
for instance 


ge 
3 [an ale 0(0) 915 + m?)6(1,)6(12 + m2) O(k, kl, le) 2*(L LIKE) = 


aVs—4m? . * ! 
= 7 (8) Fas) (li + ha — hex — ke); 
Vs 


Inserting 


T'(8; Cos 0) = 1 dé i. 3 do ve) 
IT GOSIULR 


. 


into the remaining integral over T'T'* and carrying out the integrations over 
the angles (M1) we arrive at (14) with the weight functions (15), (16). 

We finally discuss some simple properties of B(s; cos 0) using the conven- 
tion B(s; cos0)=0 for all s<4m?. The weight functions B(s) and B(s; 2) are 
real and 


Im B(s; 2) = e(z)B(s; |2l) for 2 real, 
f(s; 2) vanishes 
B(s) = B(s; 2) = 0 for s< 4m? 
and 
(17) RESO if |e|<20g(s)—1, s>4m?, 
8m? 
(8) = 1 + ss 
$ — 4m? 
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The partial wave expansion 


B(s; cos 0) = > (21+1)B,(s) P,(cos 0) 


1=0 
converges inside the ellipse with foci +1 and semi major axis 2a,(s)?—1, 
the coefficients being given by 
i aVs- 4m 
(18) Bi(8)=7 va RES) te AGS.) 
As function of s and # 
S 2t 
B(s, t) = O(2)B(s; lel), lel=1+—=, 
8 — 4m? 
is a real function and vanishes (M3) 
ERA if s< 4m’, 
(19) and 
64m 
AU if t< 16m? + ————— s > 4m?). 
f(s, t) < 16m? - api (s 4m?) 
In terms of s and # eq. (14) takes the form 
I ie yeh pea eal Vem wet Ka) 
(20) Bs, t) = Als) +7 fat na + fa I 
am? am” 


Comparing (20) with the corresponding dispersion relation (7) of the absorptive 
part we obtain from (16) 


(21) B(s) = 0(8) , B(s, t) = 0(5, 4) if 4m?<s < 16m?. 
This is Mandelstam’s result that the spectral function o(s,t) can be written 


as a bilinear expression (16) of the absorptive part if one of the variable lies 
in the elastic region (M1). 


3. — Two particle structure of the scattering amplitude. 


In Section 2 we have investigated the properties of the two particle pro- 
jection B(s, t) of the absorptive part. B(s, t) coincides with the full absorptive 
part in the elastic region of s and satisfies a dispersion relation in t with the 


= 
al 


a 
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weight functions f(s), B(s,t) given by (15), (16). We will now use f(s) and 
A(s, t) for constructing an amplitude @,(s, t) which satisfies the Mandelstam 
representation and has exactly the same discontinuities as @(s, t) across the 
elastic portions of the s, t and u-cut. We define @,(s, t) by the Mandelstam 


| representation 


Lf. 008) 1 fente) Ia alu) | 
(22) Dal, 1) à +2 fas i + + Jan oe 


HET TT 


1 al I a(S’, t') | 1 ; ! eae Oa(t', u') Po pe 
Di si ds’ dt È =] dt’ du (Eta 


Th = BYP == Ih 


with the spectral functions 
Gals) = B(s) ; 


(23) . 
Qa(8 t) = pts, t) + P(t, 8), 


D, will be called the elastic part of the scattering amplitude. It satisfies the 
following conditions: 


i) ®, is symmetric in the variables s, t, and w; 


ii) across each cut the elastic part ©, and the scattering amplitude 
have the same discontinuity in the elastic region 


| Aa(s t) = A(s, 1), 4m? <s<16m?, 
with 


1 
CEE t) = DR lim (Da(s + VE, t) a Da(8 = DEN t)) H 


A1 Ee—+0 


ili) the spectral functions of the representation of @, and ® are iden- 
tical if at least one variable lies in the elastic region 


DS) =vole) if 4m*<s<16m?, 


Oa(s, t) = o(s,t) if A4m?<s<16m? or 4m?<t<16m? : 
i) follows immediately from 


Oa(8; t) = AU s) ’ 


è + Le EROI: Lac HE LA à re We mia 4 ttt ee n ok x Ke ye Ba Ù mi Hi oe » revs alata 
4 hg fi a era o È; SPE 3 
È dt ay ARMOR. smevereRE OF THE AND REPRESINTATION Dato de ge oe 
24 Pi Se “te. © } 
REG iv ad ns ha È Le “aly F3 vo pi 


Es da 


c and fies “symmetric form of the asians representation (22); 


ii) follows from 


we (26) ae 1) = ale) E = fa qui Gals ©) i $, sn be È fu % y Gals + 7 i es 
BU) 1 (ay Blu) a 
B(s, t) +— AE a [aw Hat (eq. (20)) Log + 


È ih 

KI (alla 
4 As the two integrals on the right hand side vanish for s<16m? we have uae 
= A hi } Stuy . 
ni 

È: PACS BA) adm es Lome. 


For the proof of iii) let us first consider o,(s,t) for s in the elastic region. 8 a 
We then have RO 


Qa(8, 1) = B(s, t) = o(s, t) if 4m?<s < 16m’, 


because (23), (19) and (21). If 7@ lies in the elastic region we have 
0,18, t) = Bt, 5) = ols, tam Es 16m. 
Representation (22) can also be written in the form 


(27) @,(s, t) = A+ L(s, t) + Lit, u) + L(u, s) 


oe ee ae ae ey ee ee er ee 


with | | 
y 1 B(8) dla i \ ton 1 È 
A ' 9 SAL / pf Sieh 
| (28) L(s, t) felt Sie à [ae li! Fe 2a + RE. 
i 1 i BS) 
% | OS eue — 
È. user I È i (s'— s)(u'— u). 
È am? e(s') 
3 4m? Peer eni eso : 
| BEM SL ( j= ei dm?’ 
a _L is symmetric in ¢ and wu di 
È sf, L(s, t) = L(s, 4m—s—t) 
1 and an analytic function of s and ¢ except for the cuts 
> 
3 s>4m?, t>16m?, u>16m*°. 
me, 
È: ee 
ES ve 
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Across the cuts D has the discontinuities 


lim (L(s + ie, 1) — L(s— de, t)) = 20 B(s, 1) for ea AME 
e>+0 

PO EC ie 
lim (L(s, ¢ + ie) — L(s,t — te)) = — | as’ DE) for t >16m?. 
e-> +0 | TT SR 


With the results obtained so far it is possible to separate the two-particle 
contributions froin the scattering amplitude in all three reaction channels. 
Combining (1) and (22) we obtain 


o(s) si Oa cia Oiner(S) ? 


29 D 6, D) = ie Sy t) + Pas, t) 
( ) } (s ) (s ) 8 o(s, t) — OS, t) + Oiner(S t), 


where @, as well as @,,,, satisfy a spectral representation with full symmetry 
in s, t, and w. The spectral function 0, of the inelastic part ,,.j are defined by 
(30) Oina(S sa o(s) Cs 0,;(8) ? Oiner(S t)= o(s, t) PE 0a (8, t) ? 

Oina(ss t) iS Symmetric 


(31) Qins(83 1) = Qinailly 8) - 


As consequence of the properties ii), iii) 0;,, and the absorptive part A,,., of 


= 
Dh vanish identically in the elastic region 


Gras) DAMON SA CM, 
(32) Onals, 0), = 0 2 at s 16m on 10m:, 
| Avast) = 0 if 4Am*<s<16m?, 
where 
Zi Ana(8, t) = Jim (Buts +68 t) — B,,..(s — ie, t)) s>4m?. 


If 1 D 1 1 » D + 1 x uo J 0 i 1 rs 
The inelastic part ®,. is therefore analytic in s and t except for the three 
cuts in s, t and w starting at the first inelastic threshold 16m? 


s>16m?, t>16m?, u>16m?. 


Above $s — 16m? the unitarity condition implies for the inelastic part 


(33) Anal, t) Pa Q(s, di = fa! UE a fa? Bue Di 8) 
TT IT 
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with 
1 foo} 
Q3,)=5 D 


Till) (0, Dre), ns45- "Di = dl O(lo(l? Em), 


PRR) eR aes 


Di, ENTI EIA 


— (nto), t=—(h—k)?, u=—(—-kb). 


The summation on the right hand side starts with the four particle interme- 
diate states. The two additional terms cancel the discontinuity of Q across 
the elastic portion of the f- and w-cut 


lim (Q(s,t+ie) — Q(s, t—te)) = 2if(t,s) for 4m?<t<16m?. 


ET) 


4. — Integral equations. 


In this section we study the scattering amplitude for fixed inelastic spectral 
functions op. Let o,,.,(s) and p,.(s,t) be given arbitrarily, vanishing 
outside s>16m?, t>16m?. For this case we will derive integral equations as 
necessary conditions for the weight functions / of the two particle projection B 
of the absorptive part (eq. (14)). In Section 2 we obtained for f the equations 


tt +90 
7 ‘s — 4m? J¥(8) fl eal 
(340) Als) = O9— ame) SFO" I 01.4 e [402104 (IC): s tie) lg TT + 
ZT Coll 
ce 1 i 
+0 farsa *(¢(|C|), 8 + de) lei, CA) 
a Vis Am? oi : 
(340) AGE =— 5 0(8 Am) TE “asfaya wisps + io: 
-A*(t(|n|), 8-4 Ape e>+0, 


VR(E, n; È) 
KE, 6) = & +7? + 0— Déni —1,, (ss) = B(s, (El), | CSO, 
bo = En di VE Vn? — 1 ; 


holding for any s, € real. (34a) follows from (15) by inserting 


T,(s) = O(s) + > i fara (t(|£)), 8 + ie) Ig 
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On the right hand side of (34) there occur the functions O(s) and A(t(|C}), 8 +ie) 
- which can themselves be explicitly expressed in terms of 2, B, and @,,.. (eq. (8), 
(7), (29) and (23)) 


» 


‘ QU! ; Si a Ù) 1 fe ! Bts) ; 0 
ei ((34") (s)= À + | ds LE ce NOM ep 
i 16m? am? 

Dai A(t, s+ts) = 0 for t< 4m’, 


“th e Pi 43 Oiner(, LB(t, 8° eo 
ey (34”) A(t, 8 x ie) a Oine (8) + B() se fa / Où il s' Ù =: Pl EA dI ) a 

Æ TT eee, 

je 4m? 


co 


de t fa Oinei(t, 4’) * A(t, u') + P(u', t) 4 
u— u 
punt? a 4m? 
with 
ONS E>), SAMI, for {> 4m. 


_ Substituting (34’), (34”) for C and A on the right hand sides of (34a), (34b) 
we get two coupled non-linear integrals equations for f(s) and f(s, t) involving A, 

> Oiuts) and ¢,,.(8,¢) as given parameters (124), 

‘i |. Let B(s), B(s,t) be solutions of these integral eq. (34) for o,,,. symmetric 

‘and vanishing in the elastic regions. Then the amplitude ® constructed by 

«the spectral representation with 


fi; 06) = BUS) + euals) ; 
re o(s, t) = B(s, t) + Bit, s) + Onals, t), 


$i - is crossing symmetric and satisfies the unitarity condition in the elastic re- 
~ gions. Hence the eq. (34) form necessary and sufficient conditions and we have 
the following theorems. 


I. If the amplitude ® is crossing Symmetric and satisfies the unitarity 
condition in the elastic region the functions B (defined by (12), (14)) satisty 


a the integral eq. (34) with 0, real Symmetric and vanishing in the elastic 
regions. 
è. II. If the functions B are solutions of the integral eq. (34) with o real 


» Symmetric and vanishing in the elastic regions the amplitude ® defined by (1), 


di (35) is crossing symmetric and satisfies the unitarity condition in the elastic 
fur region, 
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Yar ae Le ee ee ee “wee AC e A LIRE a o fe Pre, AT et 0 i SANT TT a 
3 LATE ed UA SEA crt È Arr i Ça IE Dani E Fee: re À bs Ma à o> is 
AO ; ae 7 ACTES . rin tc ve = STA “4 Se 
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If the inelastic spectral functions 0;,, are set equal to zero 


0;ner(8) na Cin (8, t) a 0 >) 


(34) represent the integral equations of the two particle approximation (4). 
Crossing symmetry and spectral representation are guaranteed in this approx- 
imation. Instead of the unitarity condition one obtains from (26) 


Ie 
(36) Im T(s,t) = B(s, t) += Jar pt 8) oh 
IT t—t 
4m? 
Ia Des) s >4m? 
een toy’ Be, 
AI w'— 4 0<—t<s—4m?. 
4m? 


Here £(s,t) is the expected two particle contribution (12), the remaining two 
integrals vanish for s< 16m? and replace the proper four and more particle 
contributions of the exact unitarity condition. 


5. — Extension to other models. 


The formalism developed in this paper is not restricted to the particular 
model studied in the preceding sections. Neither crossing symmetry nor equal 
masses are essential as long as the Mandelstam representation holds and the 
two particle regions considered lie within the physical domain of the incoming 
and outgoing particles (1). In this section we shall discuss the following models: 


a) the scattering of (not identical) equal mass particles as a model with- 
out crossing symmetry ; 


b) the scattering of equal mass particles with non vanishing vertex 
function; 


c) meson-nucleon scattering (spins disregarded), for this case we treat 
the two particle structure for the two meson-nucleon channels only. 


a) No crossing symmetry. We consider the scattering of equal mass 
particles but now without assuming any symmetry properties. (The vertex 
function is again assumed to be zero.) Then the Mandelstam representation 
contains six different spectral functions @,, 02) 03) Q12) Q13,) Q23; With the in- 
dices 1, 2, 3 referring to the variables s, u, and t. The discontinuities across 
the s-, u- and t-cut will be as usual denoted by 4,, 4, and A;. Instead of (12) 


(19) This is different, for instance, in the case of nucleon-antinucleon annihilation. 


n 4 - Il Nuovo Cimento. 
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we define three two-particle projections B,, B, and B, of the absorptive parts. 


It is 
B,(s, t) = Ax(s, t) for 
B,(u, s) = As(, 8) for 
Bafs) CA, S) Or 


Instead of (14), (20) we obtain for B; 


ANVERSA 16m? , 
4im*<uyu<16m, 


4m?<t <16m?. 


if gi Pals 0°) 
It u'— U 


| JE 
IT = js 


1 Pas(w, È 
= fai t'— ¢ 


) “fas al Pau, 8) a 
TT gog À 


where the £,; are bilinear expressions in the absorptive parts (11). 


vanish in the following regions 


DS) 0 for TE | 
Pu(u, s) = 0 for ine il 
We further have 
DAS UD (SU) Or 
CIECO. 


s LU Gael, Uh" 
< ) Ja i sal ; 
=" TT u- 4 


The Bai 


64m 
— Am? 


(s > 4m?) , 


6m? scr 


6m? (u 24m?) , ete. . 


4m?<s < 16m? 


4m?<u<16m? ete. 


and similar relations for the other functions. 
The elastic part ®, can now be defined by the Mandelstam representation 


with the spectral function 


oi = Bir oui) = Bas 


Then 
049 (8, U) = Bas, 


07, (8,4) = Balu 8) = 01.65, 4) 


U) = 010(8, ) 


Combined with the corresponding relations 


(U; i; 


) + By (wju,) . 


if d4m®<s<16m?, 


if Am?<u<16m?. 


for the other g; this is sufficient 


to oe all results of Section 3 except the Symmetry properties. 


(1) See eq. (49) of Section 5e with K(s)= Vs — 4m?) /2. 
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b) Non vanishing vertex function. Returning to the scattering ampli- 
tude of identical particles we now indicate the modifications necessary in the 


general case of non vanishing three particle vertex. Instead of (4) we have 


0 (s) = mg? Ô(s — m2) + 0(8), 


0 (8) 0 for s<4m?. 


The dispersion relation (9) of T then takes the form 


+0 
| 1 E)A(t(|C|), s + ie 
(37)  T(s; cos 0) = O(s) 4 fas SEA e, 
It 6 — CON, 


with 
A (t, s) = 2g? dt — m?) + A'(t, s), 
A'(t, s) = 0(t — 4m?) A(t, s) . 


The definition (12) of B remains unchanged. Inserting (37) into the right hand 
side of (12) we obtain (14) with the weight functions 


agri 
=? Se {C(s) To (s) + C*(s) To(s) —| C(s)|?} for s > 4m2, 
B(s, t) = e(s, t) + B's, f) , 
Arts, = = 2 fael acts; em) AE) eee te am 
(38) a 


for s24m2, t29m-. 


C(s; En) = Li 719 sie) 4'*(t,, SA de) g? d(t, li AM (te, SERIE) = 


+ g?d(t.— m?) A'(t,, s Lie), 
—1 — 1 
(4 — (s — 4m?) ra ; t, = (s — Ama)!" 7) e>+0 


| + 


to 


o is just the fourth order contribution to the spectral function for the A? 
coupling (M2) 


os, = — 


rm Vs — - dm? | 0) 
— dedggi one 
2 vs VR(E, UD ê) 
= — 29'n? oa 1) e lor Ose An? At 
V K(s, t) 


K(s, t) = 4st(st —4m(s + t) + 12m‘) . 
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In the elastic region of the s-channel holds 
o(s, t) = B(s, t) = e(s, t) + Bi(s,t) if 4m?<s<9m?’, 
where 
B'S) = On Bits A MOT EC IT 
with the boundary curve determined by (M3) 


(¢ — 9m?) (t — m?)(s — 4m?) — 16m = 0 


(asymptotes s = 4m?, t= 9m?). The region where 9 is non-vanishing, how- 
ever, extends into the strip 4m?<t<9m*. This is the reason why one does 
not succeed simply by symmetrizing f(s, t). Instead we define the elastic part 
PD, by the spectral functions 


os) = 2g? d(s-m?) + D(s —4m°)B(s), 


(39) 
als, t) = e(s, t) + B'(s, t) + BG, 8) . 
AS 
0a(8; t) a o(s, t) =e B'(s, t) A o(s, t) 
for 


4m?<s < 9m? (t> 4m?) 
the elastic part ©, satisfies the three conditions given in Section 3. We further 
have 


D(s, t)= D,(s, t) + P,n01(8 t) ’ 


pere the spectral functions 9,,,, of the inelastic part Dj vanish in the elastic 
regions 
Oina(8) =0, if s<9m?, 


Oine(8, 0) = 0 if s8<9m® or t<9m?. 


As a consequence the total spectral function can be decomposed in the form 
(40) 0(8, t) = 05, t) + B'(s, t) + B'(t, 8) + mal’, t) 


A RE PA RI : 
with 9, ' and g,,, vanishing in the regions indicated above. 


2620 


TWO-PARTICLE STRUCTURE OF THE MANDELSTAM REPRESENTATION 53 


c) Meson-nucleon scattering. We finally discuss the scattering of a 
charged spinless «nucleon » of mass M with initial momentum p, final mo- 
mentum p' and a neutral, spinless «meson» of mass m< M/2 with initial 
momentum k, final momentum k’. Stable bound states and any coupling to 
other particles are excluded, the three meson vertex function is assumed to 
be zero. 

The spectral functions of the Mandelstam representation 


(41)  G(s,t)— 2 fan en +t fau £ n. «(0° GLI fay oO 


SES TH. 


fo Vi o 
pg FILO du’ - Sn = Jar dé Tree. 


ds! SE > a 
ur: a Ja hi t)(s'— 8) 7 


u+s+t=2M?2+ 2m’, 


have the following structure 


0(8) = 02(5) = 2g? d(s — M?) + oi(s), 
0,(s)=0 for s<(M+m), 
(42) os(t) = 0 for t<4m?, 
0::(8,u)=0 for s<(M+m)? or u<(M+m), 


023(8; t) = 013(8, t) = 0 for s<(M4+m)? or t<4m?. 
D is symmetric in s and « (crossing symmetry) 


Ds.) = Du, t), u=2M?+2m°—s-t, 
(43) 01908, U) = Ou(u, S) , 


013(8, t) = 023(8, 0). 


For the absorptive part we use the notation 


1 
An (8,1) = ng*d(s — M?) + 5 0(s — (M +m)): 
lim (D(s + ie, t) — D(s — te, t)) for s real, 
(44) e—> +0 
A,(u, 8) = A,(u, t), t= 2M?-+ 2m?—s—y, 
A,(t, s) = O(t — 4m?) lim (D(s,t + ie) — D(s,t— ie)) for # real. 
et 
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In the elastic region of meson-nucleon scattering the unitarity of the 
S-matrix implies 


(45) Im T(pk|o0'k')= fa a1,0(1,) 0(1,)d (+ M2)6(2 +m?) T(pk|t,3,) T*(Gl,|p'k') 
(M+m)<s<(M+2m). 


In order to study the two particle structure of the scattering amplitude for 
the meson-nucleon reactions we define 


(46) dp +h — p'— k')B,(s, t) = 
= an d1,0(1,)0(1,) (dî + M?) d( + m2?) T (pk \tl,) T*(l, one 
for all — (p +k} >(M +m}, 
and Boy 8) Bia) t= 2M?+ 2m —u—s. 
T denotes the meson-nucleon scattering amplitude 
T(s,t) = lim D(s+ ie, 1) (s>(M +m)?). 


e>+0 


In the elastic region B coincides with the absorptive part 


Bis, 1) TASTO (M + m)?<s< (M+ 2m)’, 
(47) 


Bou; 9) = ZARA >(U, 9), (M + Mm) <U< (M dt 2m)? i 


For fixed s>(M-+m)? the B satisfy the dispersion relations 


il if alts WH! : Sb 
Pals, 0 = Bals) +7 | dw Bo | qu Pts #) 


u—- u TT ESTA 


| 
(48) 

| B,(u Si bs(u)A =) at’ © Uy t’ ) À fa à Bai, s') 

une pau À 42 far Batts 


— t Tr, SE 


The weight functions are given by 


Bs n By ’ Ba = Bas ; Des = Bas ; 


ma 
S 
È 
n 
© | à 
D 
— 
n 
| 
Ss 
1e 
= 
\ 
2 
oa 


K(s 
nio vs tls) Pols) + C*(s) To(s) —| O(s)|?} , 


2522 


TWO-PARTICLE STRUCTURE OF THE MANDELSTAM REPRESENTATION 55 


(490) Bio(8,10) = — 5 (8 — (M+m))o(- 0) 2). 
7 i 
[AA Aa(u(8), sie) Az (tn), s +9 A Gi my È 7 5 (8 — (E+ my?)0(— 6) Da 
(igi — Es) 


. Jas dy Ag(t(é), s + ie) AZ (u(y), s + de) 


«/ 


VR(E, 9, ©)” 


w CH) 


OA i maia 

(490 (Sl) — 20(s (M - mA. 
aie PR ye Di 
fata, (E): 8+ de) ARGU, sti) 7 — 5 Os — (AE + me) 10) 7 
NEL) 


>. 
ise) 


- [dé dnA,(u(é), s + te) AZ (u(y), s + ZI 
| VR(E, n, 0) 


n, t 
f= lin HIVE ZT VE T, 
In these formulae 7,(s) is the s-wave amplitude and 
C(s) Jas i SI ) see 0 
TT s'— § — ie 


K(s) is the center of mass momentum 


e e) 


(= ( Tv, 


Because (44) the integrations in the first term of (49c) range from 
14 (4m?*/2K(s)?) to +00, in the second term from — co to —1—(4m?/2K(s)?) + 
+((M2— m?)?) /2sK(s)2. In the two terms of eq. (49b) the integration para- 
meters have opposite sign. As follows from (44) and (49c) B,, vanishes outside 
s>(M+m)?, u> (M+2m)?, 


Bus, u) = 0 if s<(M-+m)? or u<(M+2m)?. 
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The region where B,, vanishes is bounded by a curve with the asymptotes 
s=(M+m), u=(M+2m?), (see M3). 
Comparing (48) with 


5 ! 012(8, u') P 013(8 st ) 
(50) A,(8,0)= ets) + = [an SERE =| de, 
we obtain from (47) 
Q(s) = @1(8) = Pis) if (M+m)?<s<(M+2m)?, 
Or2(8, UW) = Bas; u) if (M+m)<s<(M4+2m), 
0125, U) = Pis(, 8) if (M+m)<u< (M+ 2m)?, 


Oas(Ss t) = 023(8,1) = Pialss t) ="Bas(s,¢t) if (M4m?<s<(M+2m)?. 


We define the elastic part of the meson-nucleon scattering amplitude by the 
Mandelstam representation with the spectral functions 


05(8) = 03 (8) = ag? 6(s — M?) + 0(s— (M+ m)*)B,(s) , 


05 (t) =0, 
(51) 
053(5, u) = Bie(8, u) + Pa, 8), 
053(8, t) = a) OS 8; = Biol 8, t) = Pasl$; LE 
Then 


eA) SA) if (M+ m)?*<s< (M4 2m), 
0:,(8, 4) = 012(5, u) if (M+ m)t<s < (M+ 2m)? or (M+ m)?< u < (M+2m}, 
Ons) 1) = ons, 1) = ous, 1) = pal NUM Emi (M + 2m)?. 


The scattering amplitude can therefore be written as 


D= Dit D 


inel ? 


where both terms satisfy the Mandelstam representation with symmetry in 
sand uw. The spectral functions o!" of © 


inel 


inel __ el inel 
DE = i — el 
0; Qi Cis 03; melti 0;; 


are crossing symmetric 


053 (8, 0) = ou, 8), att = gii 
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and vanish outside the elastic regions of the meson-nucleon scattering, 


| es) =o5°8)=0 if s<(M+2m}, 

(52) 0e) — 0) if s<(M+2m)? or w<(M+2m)?, 
| 04 Sit) On (Sut) = 0. df) is SM 2m)? 

Hence @,,, is analytic in s and t except for the cuts 


s> (M+ 2m)?, u>(M+ 2m)?, t>4m?. 


For @,,,, given three coupled non-linear integral equations follow for f,= B, 
Bis = fo. and Pis = Bas. These are the eq. (49), where 0, A,, A; and 7, must 
be substituted by the formulae 


(497) Ole) == CE OS 


DE 


di iimege i en | esa, or (8) 


(49") A,(u, 8) = 2g? d(u — M?) + Bi(u) + ou) + 
L dl fas Bas AS , u) + Bio U, 8 Mae 012 (SA , u) 4 = [ae ol CA ) + On (a di t') 
CIA 


= & poy ; 


«/ 


ds r Pis di s ) + qu (, 8°) 4 


(499) Ag(t, 8) = 08 +1 
IT SES 


gi [ione ) + ont, w’) 


u'— u 


NY Il i ‘ss fs A 
GOT (8) = Cle) +6 sq | AC A(t, s + ie) Ig - 


If the } are solutions of (50) (for g,,., crossing symmetric and vanishing in (52)) 
‘ the amplitude ®, constructed by (41), (51) and e= 0“+ 9", is crossing sym- 
metric and satisfies the unitarity condition for (M+ m)?<s<(M+2m)?. 

If in (49) the inelastic spectral functions o!" are set equal to zero one obtains 
Wilson’s integral equations for meson-nucleon scattering (12). This system de- 
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scribes the crossing symmetric one-meson approximation which has been for- 
mulated by MANDELSTAM in perturbation theory (M1) (!°). 


The author wishes to thank Dr. J. R. OPPENHEIMER for the hospitality 
extended to him at the Institute for Advanced Study, and the National Science 
Foundation for financial support. He is indebted to several physicists at this 
Institute for valuable discussions. 


(12) The iteration solution of this approximation scheme satisfies 
Bas D Dos (8,6) == 0 for t< 4M? (instead of { < 16m?) , 


the elastic form of the unitarity condition is valid up to s= 9.M? in agreement with 
the rules found by Mandelstam in perturbation theory. 


RIE SISTUINUDION 


I contributi alla rappresentazione di Mandelstam dell'ampiezza di scattering do- 
vuti a due particelle vengono separati simultaneamente per i tre canali di reazione. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Vou. XXI, N. 1 1° Luglio 1961 


On the « Quasi-Elastic Diffraction » Scattering 
of High-Energy Protons. 


B. T. FELD (*) and CHIKASHI Iso (**) 


CERN - Geneva 


(ricevuto il 27 Marzo 1961) 


Summary. — The observations of Cocconi et al., on the « quasi-elastic 
diffraction » scattering of (10—25)GeV/e protons by nucleons, are 
explained as resulting from «isobar» excitation of the target nucleons. 
The experiments are shown to provide evidence on the excitation of 
the first three levels. Some physical arguments are presented concerning 
the nature of the excitation process and its energy and angular dependence. 


Introduction. 


Cocconi, DIDDENS, LILLETHUN and WETHERELL (+) have observed, in the 
spectrum of protons scattered by free nucleons through small angles, a peak 
of inelastically scattered protons of momentum —1GeV/e less than that of 
the elastically scattered protons. This peak appears to be characterized by 
a «diffraction » angular distribution, of angular spread roughly comparable 
to that of the elastic «shadow » scattering. The most striking feature of the 
phenomenon, however, is the apparent constant energy difference between the 
elastic and the inelastic peaks, independent of the incident proton momentum 
(which was varied in the experiments between 9 and 25 GeV/c) and of the 
scattering angle (between 20 and 60 milliradians in the lab. system). 


(*) On leave from Physics Department, M.I.T., Cambridge, Mass., USA. 
(**) On leave from Tokyo University of Education, Tokyo, Japan. 
(1) G. Cocconi, A. N. Dippens, E. LiLLetHUN and A. M. WETHERELL: Phys. Rev. 


Lett., 6, 231 (1961). 
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We present, below, some arguments in favour of an interpretation of these 
observations as resulting from processes in which the target nucleon is left 
in a definite excited state, or states, the ones corresponding to the D, or Fi 
pion-nucleon resonances, of isotopic spin 3, observed with pions of kinetic 
energy ~ 600 and ~ 900 MeV (?). The arguments are based primarily on kine- 
matical considerations. But, in Section 3, we attempt to give a physical justi- 
fication of our interpretation and discuss the circumstances which would favour 
the excitation, in such processes, of the various known nucleon «isobars ». 


1. — Kinematical description. 


VAN Hove (*) has pointed out that the observations can be described by 
the kinematical properties of the scattering process represented in Fig. 1. 
M* represents an «excited» nucleon, of excitation energy 4 (or rest-mass 


before after 
: before after 
Wied 
M M M,P 
LR APO TUE rs Ai Come, M,p M 6 
—_____>» e —_-_-_- T--_-14--------- 
\ 
ae 
vi Mip® 
do b) 
Fig. 1. - a) Kinematics in the center of mass system (c.m.s.); b) kinematics in the 


laboratory system (Ls.). Note that the subscript «0» stands for c.m.s. 


M* = M-+-A). Consider an incident proton of total energy (*) . In this case, 
when projectile and target masses are equal (and equal to 1), we have for the 
usual quantities describing the ¢e.m.s. motion 


(1) Yo= Uy = (1— 2) = [(u +1)/2}', 
(2) Bovo = Po = [(u— 1)/2]* . 


Consider, first, elastic scattering (4=0, M — M *) through the small angle 0, . 


(*) See, for example, P. FALK-VAIRANT and G. VALLADAS: Proceedings Conference 
on High Energy Physics, (1960), University of Rochester, p. 38. ae | 

(*) L. Van Hove: private communication; see also ref. (ys 

(*) Unless specifically stated to the contrary, all masses 
proton mass M, all momenta in units of Me and 
As usual c=nrz=1. 


are given in units of the 
all energy in units of Mc? =0.938 GeV. 
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Then, in the small angle approximation, 


(3) 0 = 0/2 , 


1 1 
i (p — pp = Amp =F fest == ub. 


In Table I we have tabulated the values of Ap, observed by Cocconi et al. (1) 
as well as the values computed from eq. (4). 


TapLe I. — Observations of Cocconi et al. (*) on the positions of the elastic and inelastic 


peaks. 
| P 0 Api | Aps APétastie 
| (GeV/e) | (mrad) (GeV/c) | (GeV/c) (GeV/c) 
| | 
| 
| 8.95 60 0.35+0.2 1.0+0.1 0.16 
12.1 60 Ch 0.2 1001 0.28 
| 15.2 60 0.7 40.2 VOLO 0.44 
16/0 40 02 1.0+0.1 0.22 
16.2 60 Cem L022 | 0.9+0.1 0.50 
| 17.6 60 0744-072 | 10400 0.60 
18.6 60 AO) 1.0+0.1 0.66 | 
19.5 60 018° 50:2 1.0250:2 0.73 | 
21.9 | 60 DE) Pol 0.92 
24.2 | 20 09 0.8+0.1 | 0.13 
24.2 | 40 | 02 | 1.0+0.1 | 0.53 


Now, we consider the inelastic scattering process depicted in Fig. 1. For 
fixed A (M*=14-4), the final c.m.s. momenta Po = Do — do are determined 
entirely by conservation of energy and momentum, and are given (for do < Po) 
by (*) 

AAT AE 
(5) 05 = = — 


2Po 20, 


Corresponding to this c.m.s. momentum change, we may compute the mo- 
mentum shift of the line corresponding to the inelastically scattered projectile 
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in the small angle approximation 


(6a) p — p'=Ap,+ Ap, , 
“o i 
(60) Ap,(0) = Ap,(0) (1 = pra n) ; 
U Un. 
(6c) API) va Oo 7 AV 


We observe from eq. (6) that to a very good approximation, at the energies 
and angles covered by the experiments under consideration, constant AP: 
implies constant target nucleon excitation 4 (4). To obtain the observed 
values of Ap,=1.0, see Table I, we require 


Ac Oia OA" 


The width of the inelastic peak will be determined both by the experimental 
resolution, which is what should determine the width of the elastic peak, and 
by the natural spread in the excitation energies of the excited target (*). Let 
the natural width of the excited nucleon state (M*) be 75. Differentiation of 
eq. (6c) gives, for the momentum spread in the Ls. of the inelastic peak 


— 
Cs | 


j u ( IM* 
aio ] ee reg “ar Gus 
li (1 + 4)1 : Gal 1 


Actually, owing to the large (non-resonant inelastic) background and the finite 
resolution of the experimental observations, it is not possible to quote an exper- 
imental value of J. While it appears that the observed / is somewhat larger 
than the instrumental resolution, its evaluation must await improved exper- 
iments. 


(*) Note that the process under consideration corresponds to the excitation of the 
target nucleon, with the projectile remaining unaltered and continuing forward in the 


c.m.s. Since the situation is symmetrical in the c.m.s., it should also be possible to 
excite the forward scattered nucleon. However 


, in this case, owing to the subsequent 
rapid decay 


MY = M + na, 


the inelastie protons will be spread over a broad range of l.s. momenta, and will be 
lost in the general background of inelastie ‘ally scattered protons. 


4 
(*) A. M. WETHERELL: Report Presented at the Conference on Strong Interactions 


(Berkeley, Calif., Dec. 27-29, 1960), Rev. Mod. Phys. (in press). 
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2. — Isobar interpretation. 


Both the constancy of Ap, (therefore of 4) and the apparent narrow width 
of the inelastic peaks suggest that we may be dealing, in these observations, 
with the excitation of a nucleon «isobar », possibly one of the levels which give 
rise to the peaks in the pion-nucleon cross-section (2). This possibility has 
been previously suggested by WETHERELL (4). 

In Table II we list the properties of the observed levels, together with the 
expected values of Ap, and J’ corresponding to their excitation by nucleons 
of initial L.s. energy 210 GeV. 


TABLE II. — Properties of nucleon « isobars » and their « quasi-elastic » excitation. 
| | | T 
| ‘Pj Q ki- Pi 
Sor. Iso- | Angular Pion ls. ki Pion c-m.s.| | À | | | 
escrip- topic | momen- netic energy| kinetic DE von | Aa ). | IR i 
| tion spin a lat resonance| energy | (MeV) | (GeV/c) | (MeV) | 
(MeV) (MeV) | 
| È yi 2 meet ta con | ‘2 OG 
Re 8 200 160.032 1. 105 | 035 4 1399) 
— —|-—————|—- e | 
(il) } an 600 | 440 | 0.62 | 130 | 0.76 210 | 
ORE e ae : | 900 610 001 a 
| | | 
(3, 1) 3 >$ 13501) 835 1.047) 2200 |) (48) 410 


Of the levels listed, only the second (1,3) and third (1,5) are candidates 
for explaining the observed quasi-elastic peak. The experiments (') are, how- 
ever, not inconsistent with an unresolved superposition of peaks from the two 
levels, both from the point of view of the position and the observed widths. 

It remains, however, to understand the apparent absence of peaks corres- 
sponding to the other resonances. In the case of the lowest (3,3) state, it cannot 
yet be excluded experimentally that a peak corresponding to its excitation 
may be «hidden » in the observed elastic peak. In fact, comparison of the 
observed and computed values of Ap,, in Table I, lends some evidence to this 
possibility, especially at the lower energies, since the observed values of 
Ap, are consistently greater than the computed Ap,,,,,.. This could be due 
to a shifting of the elastic peak by unresolved combination with the (3,3) in- 
elastic peak, but it could also be due to experimental errors in the deter- 
mination of Ap,. 

However, further weight is given to the possibility of « quasi-elastic » ex- 
citation of the (3,3) isobar, especially at low incident energies, by the obser- 
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vations of the Brookhaven group (°) on the spectra of protons, of initial (total) 
energies between ~ 2 and 2.5 GeV, scattered at the Ls. angle of ~ 5°. Clear 
indications were found for the excitation of the (3,3) isobar, this time resolved 
(but, apparently, not completely) from the elastic peak. (Values of 4 = 0.2 
were derived from the observations). The Brookhaven group also looked for 
indications of excitation of the higher resonances; but, although the available 
energies were sufficient for excitation of the next two resonances, they found 
no indication of peaks corresponding to their excitation. 

As for the highest (3, ?) isobar, there have so far been no evidences of its 
excitation, although it could possibly be lost in the background of inelastically 
scattered protons observed in the measurements of Cocconi et al. (*). 


3. — Physical considerations. 


Diffraction (or shadow) elastie scattering is generally described as a purely 
optical phenomenon accompanying the absorption, within a radius È, of a 
beam of particles of wavelength Z«< R. The characteristic scattering angle 
is 6.~2/R=(kR)-1. Alternatively, the process may be characterized by the 
transverse transfer of momentum (#/£), presumably through the exchange of 
mesons, as indicated schematically in Fig. 2a. 


M,P 
M,Po È 
' 
i Ap suc 
0 1 M 
M, Po M*,Po ni 
a) b) 
Fig. 2. — a) Diagram corresponding to diffraction elastic scattering. b) Diagram cor- 


responding to « quasi-elastic » diffraction seattering. 


The diagram corresponding to the « quasi-elastic » diffraction scattering, 
Fig. 2b, differs from that for elastic scattering only in that the target nucleon 
emerges from the «exchange» in an excited state; the momentum transfer 
is still — uc, but this time there must be a longitudinal component to permit 
conservation of energy and momentum in the collision. 

Although it is possible that the properties of such collisions might be ana- 


(©) G. B. CHADWICK, G. B. CoLLINS, C. E. Swarrz, A. RoBERTS. &. DE BENEDETTI 
N. C. Hren and P. J. Duxp: Phys. Rev. Lett., 4, 611 (1960). | 
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lysed by means of the dispersion approach (5), we have preferred to consider 
them from a somewhat more classical, albeit quite qualitative point of view. 
We regard the nucleon as a « complex » system, with energy levels separated 
from the ground state by energies A,;. If a time varying perturbation is applied 
to such a system then, quite generally, those levels will be excited most strongly 
for which the frequency of the perturbing force is «in resonance with » the 
level, w,= 4,;. 

Now, consider a peripheral collision, at an impact parameter Re ut. In 
the c.m.s., the collision corresponds to an impulse of duration 


(8) Co OH ee 


Such an impact may be characterized by a relatively flat Fourier spectrum of 
frequencies up to (*) @) © 2/t). Accordingly, those levels will be most strongly 
excited for which 


2 
(9) Agg do — = 2Bovopt = 2UPo - 
To 


Furthermore, the longitudinal momentum transfer in such collisions is, from 
eq. (5) 


(10) dr wn, 


in justification of our earlier statement concerning the small momentum trans- 
fers in Fig. 2. 

An additional consequence of this approach is that it suggests the possi- 
bility of a limitation, also on the change of internal angular momentum of 
the target in the excitation process (“). Thus, assuming that it remains ap- 
propriate to view these processes in the c.m.s. (Fig. 2), the possible internal 
angular momentum transfer in the impact is 


(11) AJ Role 


(°) E.g., S. D. DRELL: Peripheral Contributions of High-Energy Interaction Processes, 
presented at the Conference on Strong Interactions (Berkeley, Calif., Dec. 27-29, 1960), 


Rev. Mod. Phys. (in press). 
(*) For example, a «step» impulse of duration 7, has the Fourier spectrum 


J,(0t,)/ot,, which falls to half the initial value at w)~2.2/t,, and to zero at wy ~3.8/T,. 
(**) Note that it is important, for these considerations, that the internal state of 


the projectile nucleon be unchanged. Whether this apples also to its charge is a problem 
whose discussion we postpone until the next section. 


5 — Il Nuovo Cimenio. 
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Clearly, the details depend on the nature of the nucleonic system and of 
the impacts; but, in general, those levels will tend to be excited most strongly 
for which the relations (9)-(11) tend to be obeyed. 

Table III lists values of Ay (eq. (9)) for a number of incident proton ener- 
gies, and also lists the required longitudinal momentum transfers for the ex- 
citation of the first four nucleonic isobars (eq. (5)). It is clear from these numbers 


TapLe II. — Maximum excitation energies and required transverse momentum transfers 
for isobar excitation. 


| 
U Ag=24Po 0/1 (3,3) | gui, 3) Oo Lao) Oo/ (3.2) 
| | 
2 0.21 | 1.66 3.34 4.37 5.55 | 
5 0.42 | 0.86 | 1.80 2.44 3.27 | 
10 0.034 0 10.58 | 1.24 1.71 2.33 | 
15 0.78 0.47 1.00 1.39 1.91 | 
20 0.91 0.40 | 0.87 | 1.21 1.67 
25 | 1.03 | 0.36 0.77 1.07 1.49 
50 147 0.25 | 0.55 0.76 1.06 | 


that collision in the (1--5) GeV range favour excitation of the (3, 3) level only, 
in agreement with the Brookhaven observations (5); that excitation becomes 
favourable for the next two, (1, 3) and (1, 5), levels in the (10-25) GeV range (1); 
our angular momentum considerations, insofar as they are important, favour 
the (1,3) level excitation over both the (3,3) and the (1, 5), especially at the 
upper end of this energy range. Finally, since the maximum frequency in the 
impact, A), as well as the momentum transfer 6,, increase only as a, it will 
be necessary to increase the incident energy quite considerably in order to 
produce conditions favourable for the excitation of still higher isobar levels. 


4. — Summary. Conclusions and discussion. 


We have shown that the observations of COCCONI et al. (*) on the position 
of the elastic and « quasi-elastic » peaks in p-N scattering are kinematically 
consistent with a diffraction scattering mechanism, in which the target mucleon 
can be excited into a low-lying « isobar » level as well as left in its ground state. 
Some physical considerations have been presented which, although they cannot 
be considered as a «derivation » of the effect, indicate the plausibility of the 
excitation mechanism assumed to explain the observations and give rise to 
certain kinematical restrictions on the levels it is possible to excite as a function 
of the projectile energy. 


Our description has certain features in common with the « diffraction dis- 
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sociation » mechanism, discussed by a number of authors (7) and suggested by 
VAN HOVE (*) as the source of the quasi-elastic scattering process. However, 
at least as most commonly interpreted, the diffraction dissociation process 
cannot lead to a change in any of the internal quantum numbers of the system- 
charge, spin, isotopic spin, strangeness, etc.; if this were true, none of the 
isobar levels could be excited. On the contrary, our mechanism permits changes 
in the quantum numbers, although it does suggest certain restrictions on the 
possible changes. 

In particular, our model gives rise to a number of further consequences, 
some of which can be tested experimentally: 


1) Since the isotopic spin of the excited nucleon is fixed, depending on 
the level excited, the charge of the scattered nucleon is also determined, Thus, 
in p-p collisions leading to the quasi-elastic peak of Coccont et al., the scat- 
tered nucleon must always be a proton, since the levels which could be respon- 
sible for this peak both have t=3. For the excitation of the (3,3) level, 
on the other hand, the final state must have the definite ratio of 1:3 
between protons and neutrons, since the total isotopic spin of the system is 
Heol (ii, Uy = Ab) 


2) For p-n collisions, charge-exchange excitation becomes quite possible, 
even for levels with t= 4. However, it is not possible, to make an a priori, 
prediction of the proton to neutron ratio in the final state (*), since this de- 
pends on the relative magnitude and phase of the amplitudes corresponding 
to the two values of the total isotopic spin (0 and 1) present in the initial state. 
For excitation of the (3,3) level, however, the charge prediction again be- 
comes unique, and is 1:1 for the final proton-to-neutron ratio. 


3) Of course, the pion and nucleon charge and momentum distributions 
from the decay of the excited target should also be predictable. Their obser- 
vation, however, will require visual techniques, such as bubble chambers or 
emulsions. 


4) For the case of incident z- or K-mesons, instead of protons, the same 
type of quasi-elastic scattering processes should be observed, with AD, TAU TE 
and I’ given by eq. (4), (6) and (7), respectively, to a good approximation; for 
these quantities depend mainly on the mass and excitation of the target nucleon, 
and only very weakly on the mass of the incident particle, at least in the 
energy range of interest to us. The observation of such quasi-elastic scattering 
for mesons would provide an excellent test of this model, as compared to other 


(7) E. L. FEINBERG and J. I. PomeRANGUK: Suppl. Nuovo Cimento, 3, 652 (1956); 
M. L. Goor and W. D. WALKER: Phys. Rev., 120, 1857 (1960). 


Us] 


L "a L “oF * + A 
| ul ra ei 
, x 


68 B. T. FELD and Cc. ISO 


models, such as one which describes the effect to the diffraction scattering of 
the nucleon by a pion in the fleld of the target (8); or one in which the effect 
is due to the exchange of a single 7° (1). 


Similar arguments, but based on a perturbation field-theoretic approach, 
were applied by SELOVE (*) in discussing the Brookhaven results (5). We are 
grateful to A. ROBERTS and G. B. CHADWICK for recalling this work to our 
attention. 

It has also been pointed out to us by a number of our colleagues, and most 
persuasively by J. S. BELL, that since, when viewed in the c.m.s. the levels 
of the target nucleon will suffer a «red shift», 4; > 4;/yo the maximum ex- 
citation energy should be yo4, rather than A, (see eq. (9) and Table III 
column 2). Correspondingly, it is not clear whether the maximum angular 
momentum transfer should be taken as —1 (eq. (11)) or as — yo. Ed. (10), 
for the momentum transfer, holds in any case. These considerations weaken 
the conclusions drawn at the end of Section 3 insofar as the CERN exper- 
iments are concerned, in the direction of enhancing the expectation for ob- 
serving the excitation of all the known nucleon isobars in this energy range. 
But they do not appreciably alter our conclusions with respect to the Brook- 


haven results. 


We are grateful to W. M. LAYSON, S. OkuBo and to other members of the 
CERN theoretical group, for stimulating discussions and searching criticisms. 


(*) It should be noted that the same type of argument might also be applied to the 
diffraction elastic scattering, since it is also possible that the amplitudes for this type 
of scattering differ in the two isotopic spin states. 

(5) D. AMATI: private communication. 

(9) SELOVE: Phys. Rev. Lett., 5, 163 (1960). 


RIASSUNTO (*) 


Le osservazioni di Coccont et al., sullo scattering della « diffrazione quasi-elastica » 
rp Tosoni di (10--25) GeV/e su nucleoni, vengono spiegate come il risultato di du 
eccitazione «isobara » dei nucleoni del bersaglio. Maro che gli es Si for 
Mee a della eccitazione dei primi. Presentiamo alcuni Ri fisici co na 
nenti la natura del processo di eccitazione e la sua dipendenza dall’energia e Lili È 


ci 9 
() Traduzione a cura della Redazione. 
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The Eriksen Transformation 
in the Case of Particles with Spin 0 and 1. 


H. HOGAASEN 


Institute for Theoretical Physics, University of Oslo - Blindern 


(ricevuto il 27 Marzo 1961) 


Summary. — It is shown how Eriksens transformation can be used in 
the reduced Kemmer theory, and how this simplifies scattering and spin 
precession of the vector particle. 


The formal procedure of obtaining the Foldy-Wouthuysen (1) representa- 
tion for fermions has recently been improved in the articles by ERIKSEN (?) 
and ERIKSEN and KOLSRUD (#). In principle the Eriksen and Kolsrud trans- 
formation gives in closed form a transformation to two-component theory 
with separated positive energies in the general case of time dependent external 
fields. 

Their transformation methods can also be extended to incorporate the 
spin 0 and spin 1 case as is easily shown. (We discuss for brevity only the case 
of time independent fields). 

Particles with rest mass #0 can be described by the Kemmer equation 


Rd m}w =0, 


Bu PB + BaPo Bu = Ou» Ba Sr dra Pu ’ On = an (a ieA,) b) 


(1) L. L. Forpy and S. A. WOUTHUYSEN: Phys. Rev., 78, 23 (1950). 
(2) E. ERIKSEN: Phys. Rev., 111, 1011 (1958). 
(3) E. Eriksen and M. Kotsrup: Suppl. Nuovo Cimento, 18, 1 (1960). 
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or by the physically equivalent Hamiltonian equation (*) 


fi ae (l= ti (pi —eA)? — eSH)} — + 1.{S(p— eA) JL. Ta + eq. 


2m 
where 
Od 0 — i 1 0 
= : t= 
at ho sey ea 0 ES 
and {S,} are the spin matrices for the particle in question 
gs == (Ns Ne 0 x S= le: 
0 0 0 0 a | 0 — 1 0 
IS A) 0 v ; ISS == 0) 0), Se = {1 0 0 
OMERO So lo 00 


The wave functions are in this case normalized according to the metric 


forca — +1. 


In the free-particle case: 


i 
= tall —7,)p? — = T,(Sp)? + Tam , Ao= vim, 


4 


(note (Sp)* = p*(Sp)?), 


that is — we have eigenvalues + E. 


By looking at the free particle solutions (which in the p representation 
simply are the columns of H73-+ E) we see that solutions corresponding to 


positive and negative energy eigenvalues are charge-conjugate. 


Therefore, by transforming H to an even form, and A= U/VH® to t si- 


multaneously, we can describe the two charges separately, 


1 
= (lee A) are t Ta), a (5°). 


(4) M. TAKETANI and S. SAKATA: Proc. Phys. Math. Soc. (Japan), 22, 757 (1939). 


THE ERIKSEN TRANSFORMATION IN THE CASE OF PARTICLES WITH SPIN 0 AND 1 71 


In the s=# case the Eriksen-transformation (8) 


U= (14 BA)[2 + BA +287" 
has the property: 
AU, FO UF PIE 0 


and in the s=0 and s—1 case we simply replace f with 7,. 
U= (1er) 27.27.10 

is unitary with respect to the metric (y|73%) 

H'=T,Hr., 
where H is the adjoint of A, 

DD Ur AVA 
Further 

LOUE 0% DAT"... 

In the case of general external fields we must evaluate Ht = UH U* in powers 


of ? or 1/m; however in the case where [7,, H?]—0 we get a very simple ex- 
pression for HT: 


Hi a 
H(24 t34+ Ats) = (20 + Hr, / ae VI) (2 + At, + 734)H, 


We have: 
FOA, 127,1 1714) =0, 
further : 
d-74)35=H+qt,VvH°=H(1-k47) Ue SH dI 
and 
H" = UHU’ = U2H=x)H=tVH?. 


In the free particle case: 


DOT 
. oy : 2 
SOS HET, fy = dI is equal to two 1-component equations , 
Cp” 
STORE Hp) ga is equal to two 2-component equations , 
oy 
s=1 H"=vE, H"y=i— is equal to two 3-component equations . 
ct : 
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In the case of a homogeneous magnetic field 


s=0 H’ = 1,[(p — eA)? +m} =H, , 
c= + 7 — f[E— eoH}, 
re le a 
s=1 H?=1,|H,—eSH |! Le (ST) 410, where x = p—eA. 
): to 1. order in €. 
e 

st HSE? tà ~~ oR? ne 

PR ale 


The precession of the spin in a magnetic field is given by ds/dt= ;[H, s] and 
for particles with a definite charge ): 7} and f quantized 


do e 
Beate ap mame? 
as e = 
1 Fao {sx <H(1 + (Smit) + SS {Sm} (Sm). 


This shows very clearly how much more complicated the behaviour of the 
vector meson is, when St = 0 the precession is normal, otherwise it is strongly 
energy-dependent. 

An evaluation of H* in powers of (1/m)" in the case of an external electro- 
magnetic field has been given by CASE (5) by means of the Foldy-Wouthuysen 
method, and as Eriksen’s transformation gives the same result up to the 
orders of interest, we do not wish to repeat this. It is however easy to obtain 
a transformed Hamiltonian expanded in powers of the coupling-constant, espe- 
cially the transformation to first order in e is trivial. 

From the result it is easy to obtain the formula of Laporte and Massey and 
Corben for scattering of vector-mesons so we will show this. 

Transformation to 1 order in e: 

We write H = H,-+eH' and transform this with the free particle trans- 
formation 


H = (1+ To) [2 + td) + dota] À = 


ae {E+ m 4+ 1,(H — m)Q}, 


(°) K. M. Case: Phys. Rev., 95, 1323 (1954). 
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where 


; Sp\? 
Q = 2 (2) ai CG = TH ’ 


): Hî=UHUj=E+e0H'U=xE+e6 +¢0, [m,€]=[1, 0]: =0. 


By means of a transformation exp[eS] S'=—WS we now reduce Hf for odd 
terms in e? 


Hi = exp [eS]H] exp [— eS] = H? + e[8, HT] + < [S, [8, Hf] = 


= 13H + e& + e( 0+ [S, 3E]) +e. 
By the choice 


0 


8 = fo [Hz](t,0) exp [He] dz, 


—oa 


0 


Scena IS EL - fexp [EelE 04 OE) exp [Hz] de = — 
+. 
 Jatesn [Hz] © exp [Ez]} = — a, 


Ve MER rg TE a 


In the case of an electrostatic field: H’= eg, 7; quantized to 1 we get 


| 


Vie yet prvi] +O ) 


e 
> 


Li 


s=0 At*= E + 


e [E +m Ae +m E-m E-m 
4 | VEm * VEm VEm VEm 
For elastic scattering in the S=0 case we find 


do 1<p,|e6 |pd|}= e|gal? as expected. 


-In the S=1 case (three-component wave functions) we choose the direction 
of the incoming particle as 2 axis: 


): the eigenstates of Sp/p are eigenstates of S,p./pz 
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where S, has eigenvectors 


1 1 
yi at . 7 S= == i Wo EN 
|S, = 19 = Ve L ’ |S, = Sita 1/2 4) |Pz È 
DIO 0 


0 


After the scattering by an angle @ in the yz plane say, we have as 


states for Sp/p 


il 
N il . 
(2) = = —| icos0| exp [ip], 
p va a 
— i sind 
Sp\' 1 
(22) cla i così | exp [ip,x]. 
\p 2 i sin 0 
0 
| (=?) = — |sin @| exp [ip;x], 
ly cos 0 
ea aa sie 


In the first Born approximation 


do Kp;|e6 |p> 


2— |b, È 
we obviously get: 


Coi = AL + cos 0) pri ; 


a — $(1 — cos A) ps: , 


—i. BB+ mi 

Gr = in Des 
1—0 Ts f 
75 mi 1 


4 
do, ~e? pa PO (I 
1 9 Am LE? n \Pri\” » 


and similarly do-,= do, while 


ML \ 
don € | ni om sin? 0) | Pr: |? - 


eigen- 
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CSI 


For unpolarized vector-mesons 


1 il Yule 
do = 3 {do, + do, + do_,}~ e? {2 + — ae 


6 mes “int Of lente = 


1 n 6 x 
2 : su (1) sin? } [Pre ? 


which is the formula of Laporte and Massey and Corben. 


($) O. LAPORTE: Phys. Rev., 54, 9C5 (1938). 
(7) J. T. Massey and H. C. CorBEN: Proc. Cam. Phys. Soc., 35, 463 (1939). 


RIASSUNTO (È) 


Mostro come la trasformazione di Eriksen può essere usata nella teoria di Kemmer 


ridotta, e come questo semplifichi lo scattering e la precessione di spin della particella 
vettoriale. 


(*) Traduzione a cura della Redazione. 


2543 


IL NUOVO CIMENTO VO SCI NS Al 1° Luglio 1961 


A Method for the Measurement of the Mobility 
of Electric Charges in Liquids. 


S. CUNSOLO (*) 


Istituto di Fisica del? Universita - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 30 Marzo 1961) 


Summary. — A new technique for the measurement of the mobility of 
electric charges in liquids has been developed. One essentially measures 
the time of flight between a grid and the collecting electrode. which is 
connected to the electrometer by a suitable filter. This method is of 
easy application and the experimental results are in excellent agreement 
with those obtained in liquid helium by other authors. 


1. — Introduction. 


The method for the measurement of mobility described in this paper was 
designed for use in liquid helium at temperatures below the A-point but could 
easily be extended to measurements in other liquids. 

As in the methods used by M. A. Bronpi and M. CHANIN (!) for noble 
gases, by MEYER and REIF (?) for liquid helium, and by J. A. HORNBECK (3) 
and A. DAHM, ete. (*) for the mobility respectively of electrons and of ne- 
gative charges in helium, the physical quantity which is measured is the 
time employed by an electric charge to travel the distance between two elec- 
trodes (time of flight), under the action of an electric field. It is then easy to 


(*) Attualmente all’Istituto di Fisica dell’università di Roma. 
(!) M. A. BronpI and M. CHANIN: Phys. Rev., 94, 910 (1954). 
(2) L. Meyer and F. Retr: Phys. Rev., 110, 279 (1958) 
(*) J. A. HORNBECK: Phys. Rev., 88, 375 (1951) 
(4) A. Daum, J. LEVINE, J. PENLEY and T. M. SANDERS, Jr.: Proceedings 7th Inter- 
national Conference on Low Temperature Physics (Toronto, August 1960) 
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find the drift velocity of the charge and hence the mobility through the well 
known relation v= u2. 

The present method was studied and adopted in this laboratory especially 
because of the simplicity of the experimental apparatus which nevertheless 
permits completely satisfactory and accurate measurements to be made. For 
reasons which shortly shall become clear this technique has been named the 
current null method. 

The system used to measure the times of flight will be described here and 
briefly discussed. Some of the experimental data obtained will then be com- 
pared with the values which have been found using other techniques, both 
in this laboratory (5%) and by MEYER and REIF (?). 


2. — Description of the apparatus and method. 
The apparatus, of which Fig. 1 is a schematic drawing, is substantially 


a triode with silver electrodes. The «-particles emitted by the Polonium 210 
deposited on the first electrode ionize a thin layer of the helium. The electric 


Polonium source 


Electrometer 


Fig. 1. — Schematic view of the experimental apparatus. 


charges of a determined sign are then extracted and directed towards the grid 
by means of an electric field obtained by applying a constant potential dif- 
ference between the radioactive electrode and the grid. 

Between the grid and a third electrode (the collector electrode) an a.c. po- 
tential is maintained by means of a square wave generator. 


(5) G. CARERI, F. Scaramuzzi and J. O. THOMSON: Nuovo Cimento, 13, 186 (1959). 
(°) G. CARERI, 8. CunsoLo and F. Dupre: Proceedings Tth International Conference 
on Low Temperature Physics (Toronto, August 1960). 
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During the positive half-period the electric field drives the charges toward 
the collector, while during the negative half-period the field between grid 
and collector is reversed and the charges are turned back towards the grid. 

Neglecting the effect of diffusion, which we can do within certain limits 
as we will see later on, at the end of the negative half-period of the applied 
voltage there will no longer be any electric charges in the space between the 
grid and the collector. 
| If we indicate by 0 the half-period, and by o the charge density, the quan- 
tity of charge arriving at the collector during the positive semi-period will be 


fesa, fOr OS Ta, 


(1) 
|g=0 for OST, 


where 7 is the time taken for a charge to travel from the grid to the col- 
lector. 
Since during the negative semi-period no charges arrive at the collector 
the average current will be 
|F=3(1-§), tor OS 45 
9 1) 


(2) de 
leo, LOR DIET 


i where 1, = ouH is the value of the cur- 
rent which would be obtained applying 
a constant potential between the grid 
and the collector. 


1004 ORS EX 


To measure the average value of the 
current a filter consisting of a resistor 
of 107 Q and a capacitor of 0.1 uF was 
used to connect the collector to the 
electrometer. In this way the currents 
due to capacitive coupling were eli- 
minated. Naturally the insulation re- 
sistance of the capacitors had to be 
much larger than the input resistor of 
the electrometer. 


50-4 


104) 


DJ 


Plotting a graph of the average cur- 
n rent as a funetion of 1/0 one obtains a 
Fig. 2. — The average current received straight line which intersects the axis of 
4 plotted vs. the reciprocal of the time the abscissa 1/0 : i : > 
0. This graph has been obtained for posi- î È FA LORS UN 
tive helium ions moving in liquid helium Such a graph, obtained with an elec- 
at 0.85 °K under an electric field of tric field of 8.75 V/em at a temperature 
8.75 volt/em. of 0.85 °K is shown in Fig. 2. Once 7 


i T T 
0) 100 200 OCTO 


2646 


A METHOD FOR THE MEASUREMENT OF THE MOBILITY ETC. 79 


is known the mobility can be immediately calculated from the relation 


(3) b= 


where V, is the absolute value of the potential difference between the grid 
and the collector and s is the distance between these two electrodes. 

Square wave voltages V, between 0 and 150 V are obtained by means of 
a flip-flop. This voltage can then be applied to a second flip-flop capable of 
furnishing square waves of amplitude as large as 600 V. 

In this way one can make measurements in fields as high as 10% V/em. 
The minimum value of the semi-period which can be reached with the present 
apparatus while maintaining a sufficiently good waveform is 107 s. 


3. — Limits of the method. 


One of the phenomena which must be taken into account in searching for 
limitations of the method of measurement described is the diffusion of the 
electric charges in the liquid. 

Evaluating the ratio between the average current due to diffusion and 
the value, which the current would have if the grid were maintained at a 
constant potential with respect to the collector, one finds in the first approx- 
imation the following expression: 


(4) Dore TE exp 


‘ 


(s — uE0)? | 
4D0 | 


where D is the coefficient of diffusion of the ion. 

We note that the measurements are made in the current interval between 
i,/2 and 0, while 0 varies from values much greater than 7 to values approx- 
imately egual to +. 

That which interests us is that 7,/i) be maintained lower, or at most equal, 
to the fractional error determined by the precision of measurement wanted. 
For this to happen we must satisfy the following relationship derived from (4) 
by use of the Einstein relation: 


(5) < 82-6.3-10!. 


In the helium region the minimum values of the potential for which (5) 
can become restrictive are so low that normally one already finds an obstacle 
in the measurement of the current itself. At 1°K, for example, we find 


Ti 
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0.21 V as lower limit on the potential given by (5) for an è,/io of 1%, while 
a measurement of the current for a potential of 1 V is already rather difficult 
at this temperature. 

An upper limit on the measurable velocity can be obtained from the 
maximum value of the frequency or potential reached by the square waves. 


4. — Some experimental data. 


We have examined and reported in Fig. 3 those measurements taken in 
the helium II region in electric field in which the mobility is found to be 
field-independent together with the values already obtained by other methods 
both in this laboratory (5) and by MEYER and RIEF (’). 


2 Tao 1 Ai 
logu 3 | 7 + 


Fig. 3. — The experi ; > f A ie | 
DE on na values of the mobility of positive ions in Hand Lon 
ne IAN ot erent techniques vs. the reciprocal absolute temperature. The mo- 
bility units are em*/volt s. © Heat flush C.s.t.; e Shutters m.r.; D space charge c.c.d.; 
bj 1 5 la . ony 

A current null method. 


(7) F. Retr and L. Meyer: Phys. Rev., 119, 1164 (1960) 
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The errors in the present measurements can be mostly attributed to errors 
in the temperature measurement. 

For an interpretation of the results and for a picture of the physical problem 
refer to the article by CARERI (8). 

Measurements of the mobility as a function of the electric field and of the 
pressure performed by this technique will appear in other papers. 


APPENDIX 


The influence of diffusion. 


In order to see the influence of diffusion on the current measured, the 
problem can be outlined in the following manner. One supposes that before 
the time t= 0 the electric charges are all situated between the grid and the 
radioactive electrode with a uniform density equal to 00. At time t=0 the 
charges pass the grid under the action of the electric field and diffusion. The 
equation which controls this phenomenon, supposing an infinite grid, is the 
following: 


(A.1) 


If we leave out the action of the collector electrode the initial conditions are 


0%(0,0) = 06, Torta==<05 
(A.2) SZ 
ox, 0) = 0, 107,210; 


Since in the case of an unlimited domain the solutions of (1 — 0) can be 
expressed through the relation 


(e — x — uEt)? 
Sod DENTE | UE 


(A.3) Ba, fe | (ao, 0) exp 


the solution of (A.1) with the conditions (A.2) is 


0 0 x — uEt 
(A.4) 04(a, t) = Ss vi | | 


(8) G. CARERI: Progress in Low Temperature Physics, vol. IIT (to be published 
shortly), (Amsterdam). 


6 - Il Nuovo Cimento. 
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where 


y 


Gy) = = Jen [(— æ°) da]. 


0 


At the end of the first half-period the electric field changes sign and there- 
fore in place of (A.1) we must consider the equation: 


(A..5) a È : =e =_= 0 


If we neglect the effect of the electric charges on the opposite side of the 
grid and that of the grid itself, the initial conditions are now the following: 


O20) == 0" for «<0 and for x>s, 
A_6) 1 | = AD 1 
ae o(x, 0) = SE 2 4 | re. he for 0<x<s, 
2 va \ V4D6 


where s is the distance between grid and collector. 
We now have the solution 


0 L— x — si x + uEt 
ANT) OMG 0) = cle Le == Jill 
sad ti 2Vval \ VAD V4Dt 
l 
0 fa (- TU li me | (L sE ES Fe 
avant. VADB , {Dt 


One observes that at the end of the first negative semi-period the o0_(a, t) 
is so small with respect to 0, that we can certainly maintain the validity of 
the conditions (A.2). 

However it will in general be assured that (4.4) and (A.7) represent the 
electric: charge distributions during the first semi-period in which the field is 
respectively positive or negative. 

Knowing 0,(7,t) and o_(r,t) it is easy to calculate the charge passed 

œ 


beyond the grid during the positive semi-period (qe [o(a, Oca that part of 
ò 


it which turns back during the negative semi-period a-=|o _(@, 6) dx, and 

—o | Con delta. i) 
therefore the ratio between the average current measured and the continuous 
value oH: 
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Thus one obtains toa very good approximation the following expression, 
valid when 2V DO € uE0: 


peal T VEDI 1 1 — uE0)? 
(A.8) -= 1 EEE Mr NE 3 10), a 
igen 0 2vauEv0 | 2 1D0 | 
For the contribution to the current due to diffusion one finds 
0) ae VD sie ee (L286)? 
à TON 0 | ETS 0 4D6 | 


This calculation, however, is pessimistic both because of the simplifications 
introduced and because of the formulation of the problem. In reality, the 
beam of ions spreads in a radial sense which limits the contribution of dif- 
fusion to the axial current. 


RIASSUNTO 


È stata sviluppata una nuova tecnica di misura della mobilità di cariche elettriche 
in liquidi. Essenzialmente si misura il tempo di volo tra una griglia ed un elettrodo 
collettore connesso ad un elettrometro tramite un opportuno filtro. Questo metodo 
è di facile applicazione ed i risultati sperimentali sono in eccellente accordo con quelli 
ottenuti in elio liquido da altri autori. 
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Un calcolo sull’assorbimento nucleare di mesoni y in !°O (). 


E. G. BELTRAMETTI 


Istituto di Fisica dell’ Universita - Genova 
Istituto Nazionale di Fisica Nucleare - Sezione di Genova 


G. FIORIO 


Istituto di Fisica dell’ Università - Pisa 
Istituto Nazionale di Fisica Nucleare - Sezione di Pisa 


(ricevuto il 3 Aprile 1961) 


Riassunto. — Usando il « modello a shell » si studia lo spettro d’energia 
dei neutroni emessi nell’assorbimento nucleare di mesoni u- in 180. 


1. — Lo studio dell’assorbimento dei mesoni u- da parte di nuclei mantiene 
un vivo interesse, sia perchè può indicare la forma della interazione non elettro- 
magnetica fra mesoni u e nucleoni, di gran lunga la meno conosciuta fra le 
tre classiche interazioni deboli che figurano nel triangolo di Puppi-Wheeler (1) — 
sia perchè esso può giovare alla conoscenza della struttura nucleare. 

Gli stati finali a cui può condurre la reazione, possono, con ovvia notazione, 
essere così enumerati: 


(I) (Z2—1,N+1)+v, 

II Z—1, N 

(IT) AN) the ( » NV) 

III) (ZE NS) pes 

(IV) (4—r—1, N—s+1)+rpt+enty, (r+s=2,3,4,...). 


(*) Presentato al XLVI Congresso della Società Italiana di Fisica, Napoli, 29 Set- 
tembre - 6 Ottobre 1960. 


(1) J. Tromno and J. A. WHEELER: Rev. Mod. Phys., 24; 153 (1949). 
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Le reazioni (III) e (IV) sono molto meno probabili che la reazione (II) 
poichè richiedono l’intervento di correlazioni dirette fra nucleoni. 

Il caso (I) è certamente il più semplice, ma compete favorevolmente con 
il processo (II) solo per nuclei molto leggeri (?) e, in ogni caso, la possibilità di 
eseguirne un attendibile studio (*) è fortemente limitata dalla scarsa conoscenza 
degli stati eccitati del nucleo residuo. 

In quest’ordine di idee abbiamo pensato di studiare una reazione del tipo (II) 
in cui il calcolo esplicito degli elementi di matrice nucleari fosse relativamente 
sicuro. Abbiamo, per questo, calcolato lo spettro dei neutroni emessi nella 
reazione 


6O+yu->*N+n+ 


facendo uso del modello a shell, che sembra particolarmente adatto a descri- 
vere il nucleo in questione (*). 

Mentre questo lavoro era in corso ne è stato pubblicato uno alquanto simile, 
da DOLINSKY e BLOKHINTSEV (5). Tralasciamo perciò di esporre il metodo di 
calcolo da noi usato, rimandando al lavoro suddetto per gli sviluppi formali 
e ci limitiamo invece a dare conferma di alcuni risultati e a fornire qualche 
altra indicazione non contenuta nell'articolo in questione. 


2. — La scelta da noi fatta per le buche di potenziale relative al 0 e 
al 5N (Tabella I) differisce sensibilmente da quella di DB. 

Per l’ 160 la buca di potenziale usata risponde ai seguenti requisiti: 
a) l'energia di legame del livello 1p, sia uguale alla soglia delle reazioni di 
estrazione di un protone (12, 11 MeV); b) risultino legati i livelli 14,, 1d, 


TABELLA I. 


160) | 


15N 


ASCOLI 


raggio 


4.00 10-15 cm 


profondità 


34.0 MeV 


38.0 MeV 


(2) E. G. BeLtRAMETTI e L. A. Rapicati1: Nuovo Cimento, 11, 793 (1959). 

(3) A. Fugit e H. PRIMAKOFF: Nuovo Cimento, 12, 327 (1959); per una più completa 
bibliografia si veda anche: H. PRIMAKOFF: Rev. Mod. Phys., 31, 802 (1959). 

(4) Quando questo lavoro è stato iniziato, i soli calcoli pubblicati sull'argomento 
facevano uso del modello a gas di Fermi. Vedi ad es.: H. UBERALL: Nuovo Cimento, 
6952310510 

(5) E. I. DoLINSKy e L. D. BLoKHINTSEV: Nucl. Phys., 10, 527 (1959) (indicato in 
seguito con DB). 
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e 2s, (6). Circa il primo criterio, si suppone che l’interazione di spin-orbita non 
alteri la funzione d’onda radiale del protone ma soltanto la sua energia e si 
assume, per la separazione tra 1 livelli 

1p,-1p,, il valore di 6.3 MeV (’). AUnità arbitrarie 

La scelta della profondità della buca FN 
relativa al 15N tiene conto dell’assenza 
di interazione coulombiana per il neu- 
trone uscente. 

Lo spettro dei neutroni emessi è 
mostrato in Fig. 1 (*). La curva corri- 
spondente alla interazione F-G.T. va 
confrontata con quella di DB, relativa 
al valore reale del potenziale sentito dal 
neutrone uscente. Tenendo conto che 
i parametri della buca di potenziale 
usati nei due lavori sono sensibilmente 
diversi, l'accordo indica che tali calcoli, 
eseguiti sulla base del modello a shell, 


posseggono una buona stabilità al va- 20 £,(MeV) 
riare dei parametri della buca di poten- : | i : 
; : à S Fig. 1. — Spettro d’energia dei neutroni 
ziale. Questa conclusione è anche con- e = CR 
F : emessi. ——— A — JV, correzioni incluse 
ermata da un calcolo che abbiamo ese- g jg, 48; ---- A+V, correzioni in- 
guito con una buca molto diversa da quel- cluse, gp/g,= +8: —:—:- A —V, corre- 
la prima descritta (raggio =4.5-10-1* cm, zioni incluse, gp/gy = —8; —-- intera- 


profondità = 21 MeV): a parte irrego- zione F-G.F. 

larità a basse energie, dovute presumi- 

bilmente ad una risonanza, lo spettro ottenuto ha lo stesso andamento per 
E,> 4 MeV. 

Una notevole divergenza fra i nostri dati e quelli dei citati autori può ri- 
scontrarsi invece nel rapporto tra le probabilità di assorbimento per i protoni 
degli strati 1s e 1p. Il nostro rapporto è di circa 1:90 contro il rapporto 1:22 
da loro riportato, e la ragione di ciò ci sembra piuttosto oscura. 


3. — Accenniamo infine ad alcuni risultati numerici relativi a diverse scelte 
delle costanti di accoppiamento nella hamiltoniana di interazione. La forma 
da noi usata per questa hamiltoniana è quella data da PRIMAKOFF (*) a cui 
rimandiamo anche per le notazioni. 


(9) J. P. ELLIorT e B. H. FLOWERS: Proc. Roy. Soc., A 242, 57 (1957). 

(7) J. P. ELLiort e A. M. LANE: Handb. d. Phys., 39, 341 (1957). 

(*) A causa della elevata energia in gioco, occorre tenere conto anche di momenti 
angolari del neutrone e del neutrino relativamente elevati. Una rozza valutazione sug- 
gerisce avia che si possa Tascurar Ì i iori a : | 
g tuttavia che si possano trascurare momenti angolari superiori a 3. 


2654 


AN 


UN CALCOLO SULL'ASSORBIMENTO NUCLEARE DI MESONI UD IN 260) 87 


Come mostra la Fig. 1, l'andamento dello spettro è praticamente insensi- 
bile all’inclusione o meno delle « correzioni di magnetismo debole » ed al segno 
relativo delle costanti di accoppiamento assiale e pseudoscalare. I diversi casi 
differiscono per termini proporzionali a »/2M (vy =impulso del neutrino, 
M = massa del nucleone) nell’ampiezza di transizione. Poichè nell’intervallo 
d’energia, praticamente accessibile al neutrone, l'impulso del neutrino ha una 
rariazione percentuale solo del 20%, i termini in »/2M non producono che 
lievi modifiche nella forma dello spettro. Non sembra quindi possibile trarre, 
da osservazioni sperimentali sullo spettro, informazioni sulle costanti di accop- 
piamento dell’interazione e in particolare sul termine pseudoscalare e su quelli 
di «magnetismo debole » introdotti da FEYNMAN e GELL-MANN (8) in base 
all'ipotesi della « corrente vettoriale conservata ». 

Contrariamente a quanto accade per la forma dello spettro, la probabilità 
totale della reazione è piuttosto sensibile alla scelta delle costanti di accop- 
piamento. 

Assumendo, come generalmente accettato, g, = 2.7-1074° erg-cm? e g,/g, = 
—— 1.25, le maggiori incertezze riguardano il segno del rapporto g,/g, (per 
cui è stato proposto il valore assoluto 8 (*)) e la presenza o meno delle cor- 
rezioni di « magnetismo debole ». Può essere perciò interessante dare il valore 
della vita media per i casi riportati nella Tabella II. 


TABELLA II. 


| Vita media (10-? s) A+V RARE di «magnetismo debole ‘| J pd à 
lette PRE a RI LEE : : | ae = 
| | 
1.79 — | incluse | +3 
DIVA. - omesse | +8 
| + = 
1.27 | ns incluse | 8 
| 
1.39 | = omesse | to) 
2.70 ae incluse | +8 
LINE NE 


Desideriamo esprimere la nostra più viva gratitudine al professore L. A. 
RADICATI per il costante interesse ed aiuto prestatoci durante questo lavoro. 

Siamo grati anche al dr. L. REBOLIA che ha eseguito i calcoli numerici con 
il calcolatore IBM 650 dell’ Università di Bologna. 

(8) R. P. Feynman e M. GeLL-MANN: Phys. Rev., 109, 193 (1958). 

(9) M. L. GoLDBERGER e S. B. TREIMAN: Phys. Rev., 111, 355 (1958); L. WOLFEN- 
STEIN: Nuovo Cimento, 8, 882 (1958). 


SUMMARY 


A shell model analysis is given for the energy spectrum of the neutrons ejected 
in the w -absorption by 10. 
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Optical Model Potential for K Meson-Nucleus Scattering. 


A. D. MARTIN 


Department of Physics, University College - London 


(ricevuto il 4 Aprile 1961) 


Summary. — The two-body scattering lengths, which describe the inter- 
action between K~-mesons and free nucleons are used to calculate an 
optical model potential representing the interaction between K7-mesons 
and nuclei. The cross-sections for the scattering of K~-mesons by emulsion 
nuclei are calculated numerically from this potential and are found to 
conform closely with the experimental values. 


1. — Introduction. 


DALITZ and TUAN (1) have analysed the K--proton data, at a laboratory 
momentum of 175 MeV/c, and have shown that they can be reproduced, for mo- 
menta less than 300 MeV/c, equally well by each of four sets of energy inde- 
pendent complex scattering lengths, called the (a +) and (b +) solutions. 
Data are available concerning the scattering of K~-mesons by nuclei in emul- 
sions (*4) and so in order to distinguish between these solutions the K~-meson 
nuclear cross-sections have been calculated on the basis of the « direct inter- 


action model » (*) using in turn each of these four sets of K~ meson-nucleon 
scattering lengths. 


(*) R. H. Darirz and S. F. Tuan: Ann. Phys., 10, 307 (1960). 

(?) R. D: Hic, J. H. HETHERINGTON and D. G. RAVENHALL: Phys. Rev., 122, 
267 (1961) | 

(3) M. MELKANOFF, D. J. ProwsE and D. H. STORK : Phys. Rev. Lett., 4, 183 (1960) 

(4) P. B. Jones: Proc. Roy. Soc., 257, 109 (1960). | | 

(5) K. M. Watson: Rev. Mod. Phys., 30, 565 (1958). 
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2. — Caleulation of the K~-meson nuclear optical model potential. 


The optical model potential for high energy interactions (as defined by 
FRANCIS and WATSON (°)) can be approximated in co-ordinate space by 


Ex (cm) 
Me 


(1) Vop(r) = 


Er (le vb) 


— 27h me 
m 


| (1 + A) fom(0) o(7) , 


where m, M are the K -meson and nucleon rest masses respectively, o(r) is 
the nucleon density in the nucleus, £,(lab) is the total energy of the K~-meson 
in the laboratory frame and Egy(cm) is the total energy of the K~-nucleon 
system in their centre of mass frame. f,,,(0) is the average forward scattering 
amplitude in the K~-nucleon c. of m. frame, of the nucleons in the nucleus. 
A is a correction factor depending on the position correlations of the nucleons 
in the nucleus (5). Eq. (1) includes the relativistic correction factors arising 
from high energy interactions between the K~-meson and the nucleus. The 
validity of this equation has been discussed by FRANK et al. (7). 
The average forward scattering amplitude is approximately given by 


Ve eA 
RI 


(fo + I fi) ln hs 


cis 


(2) fen(0) = 


where f,,, are the forward scattering amplitudes for interactions between K’- 
mesons and nucleons for states of isotopic spin 7=0, 1. In eq. (2) the am- 
plitudes are those for scattering from bound nucleons, but at the energies con- 
sidered it is a good approximation to neglect nuclear binding effects and to 
use si amplitudes fl for scattering from free nucleons. The modification 
to f,,(0) due to the motion of the nucleons in the nucleus is calculated assuming 
the ita have a Fermi momentum distribution. 

The K--free proton scattering data are described by energy independent 
complex scattering lengths Ap, A, for 7=0, 1 states. The corresponding com- 
plex s-wave phase shifts 6, are given by 


ent 
(3) ketgôr = + Ro 4 


Assuming the effective range of the K=-nucleon interaction, £,, is of the order 
of i/me the second term may be neglected for energies below 100 MeV. The 
. K=-proton data are consistent with pure S-wave scattering at a momentum of 


(6) N. C. Francis and K. M. Watson: Phys. Rev., 92, 291 (1953). 
(7) R. M. FRANK, J. L. GAMMEL and K. M. WATSON: Phys. Rev., 101, 891 (1956). 


2657 


90 A. D. MARTIN 


300 MeV/c, but there is evidence of p-wave contributions at 400 MeV/c (). 


Thus for energies up to 100 MeV fe? may be calculated from 


(4) LO aaa Aes 


where k is the K~-nucleon centre of mass momentum inside the nucleus. 
The first approximation to 4 is (°), in units of € — pal 


iEx (lab) 
p 


A= Pot) {@(a) de, 


QT 
— 


where p is the laboratory K~ momentum inside the nucleus, and G(x) is the 
nuclear pair correlation function defined by 


Pa, x) = P,(x;) P.(x»)[1 + (xx hi ) 


where P,(x,) is the probability of finding nucleon «1» at x, and P,(x,, x») 
is the joint probability of finding nucleon «1» at x, and nucleon «2 » at x. 


(ce) 


WATSON and ZEMACH (°) estimate R.= [ G(x)dv~ — kr, for a degenerate Fermi 


0 
gas model of the nucleus of radius r,A*. For a K~-meson of energy 80 MeV 


a typical value of A at the centre of the nucleus is (A),_,~ 0.13 + 0.101, 
+ according to whether the (4) solutions of the K -proton data are used. 
The magnitude of A decreases as the energy of the incident meson is increased 
(see eq. (5)). 

In order to ensure that the scattering of the K~-meson inside the nucleus 
takes place only on the energy shell the total mean free path 2, for either 
absorption or inelastic collisions of the K~-meson must be much greater than 
the particle wavelength % inside the nucleus. 

Eq. (1) is used to calculate the real part of the optical model potential, 
but the imaginary part obtained from (1) will be incorrect as the contributions 
from those collisions prohibited by the nucleons obeying the Pauli exclusion 
principle will be included. The imaginary part of the potential is correctly 
obtained from 


(6) AZ fl ve del 


) ? 


PAT 


(*) P. Norpin: Thesis, University of California (1960). 
(*) K. M. Watson and GC. ZEMAGH: Nuovo Cimento, 10, 452 (1958). 
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where v is the K -meson laboratory velocity inside the nucleus and /,, the 
total mean free path for an inelastic or absorptive collision, is given by 
1 Z À — Z 


(7) Di == A (700% + Onbs Waco) =F È A 


(7.0% + Cate) | Q(r) ; 


where 7, and 7, are the Sternheimer factors (!°) for protons and neutrons 
respectively which account for the reduction of |Im[V,,(r)]| arising from the 
exclusion principle. The K~-nucleon elastic cross-sections are given by 


9 


Où = ft, Ca = 4% |}: |? 


the cross-section for the reaction K4p —K'°+n is 


Oo. = Ulf — fol? 
and the K--nucleon absorption cross-sections are calculated from 


Chi = shoes Ha (i b 


Oa = (ape ») 
where 
AT Da 
(Cavs)z = 


yo ' Ath AE ee 
k DESIRE na) with r Ap + Up 


The real and imaginary parts of the optical model potential are calculated 
from eq. (1) and (6) respectively. Many factors in these equations depend 


A=1l6 Z=8 94 Z=41 
40K 40 
Ae AZIO 
AS=6./ Sa OG 
> Aa=11.4 3 Aa=10.0 
= At=4.2 Si AERS 
-Re [Vop(r)] -Im [Vop(r)] 


D 
O 
T 


20F -Re [Vop (r)] 


-Im [Vop(r)] 


ti 


Je al L | | 
4 GIRO GOT DG AE 
r(in units of ñ/mc) r(inunits of fi/mc) 
Fig. 1. — The optical model potential for the representative emulsion nuclei obtained 


| using the (b+) K -proton solution for a 52.5 MeV incident K™-meson, taking n= 1.07 
fermi and a=0.57 fermi. The values quoted for À, 4,, A, and 4, are those at the centre 
of the nucleus, r=0, in units of h/me. 


(0) R. M. StERNHEINER: Phys. Rev., 106, 1027 (1957). 
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upon the K~-meson energy inside the nucleus, which itself in turn depends 
on the optical model potential at this point. Consequently it is necessary to 
compute the real and imaginary parts of the potential by an iterative proce- 
dure at each value of r required for the integration of eq. (9). Thus the po- 
tential shape V,,(7) will not necessarily be of the same form as the shape of 
the nucleon distribution o(r). Figs. 1 and 2 show typical optical model poten- 


à A=14 Z2=7 È A=94 Z=41 

= > 

307 X=1.5 30-- -Im[vopo) X=15 
As=10.2 As=84 


77 [vop(r] Aa= 111 


A=978 20 
[Feline 


10 Re[Vop(r)] 


L li Î L I 


ay Ee) 12 0 fe 8 12 
r(in units of fi/mc) r(in units of ñ/mc) 


Fig. 2. — The same as Fig. 1, but obtained using the (b —) solution for a 110 MeV 
incident K~-meson, taking »=1.18 fermi and a=0.57 fermi. 


tials for the representative «light » and «heavy » nuclei of the emulsion ob- 
tained using the (b+) and (b—) K--proton solutions respectively. A,, À are 
the mean free paths for inelastic scattering and absorption of the K~-meson 
by the nucleus. 


3. — Caleulation of the K -meson nuclear cross-sections. 


The nucleons in a nucleus (A, Z) of radius À — r,AŸ are assumed to have 
a Woods-Saxon-shaped density distribution 


(8) o(r) = COTTE 
ot") 1+ exp [(r — R)/a]” 


where the parameter a is a measure of the diffuseness of the surface of the 
distribution. Using this o(r) the potential V..(7) is calculated as described 
above throughout the range of r for which V.,(7) is not negligible. 

The Klein-Gordon equation for the 7-th partial radial wave function F(r) is 


(0) GOT {E — Vo(r) — eC(r)}? — (mer)? MIEL) 


dr? chè F(r) = 0, 


y3 


where C(r) is the electrostatic potential between the K--meson and the Saxon- 
shaped proton distribution and £ is the total energy of the incident K~-meson 
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This equation was solved numerically for all /-values for which a non-negligible 
complex phase shift 6, is produced by the complex potential V,,(r) and the 
potential arising from the departure of C(r) from — Ze/r. 

The elastic differential cross-section do/dQ and the absorption cross-section 
6, for the K--nuclear scattering are calculated from 


do IR 2 . ae 
Oeil je | 21 + 1) exp [i(20: + 6,)] sinô,P,(cos0) | , 


Cao = i > 21+1)[1— exp [— 4 Im (6,)]], 


where x is the K~-nuclear centre-of-mass momentum, 0, is the Coulomb phase 
shift and f.(0) is the relativistic Coulomb scattering amplitude for a point 
charge Ze. 


4. — Comparison with experiment. 


DALITZ and TUAN (!) have analysed the K~-proton scattering data and find 
that, within the zero effective range approximation, the data can be repro- 
duced, for momenta less than 300 MeV/c equally well by the four solutions 


Ao (fermi) A, (fermi) 
(a+) 0.2 + 0.87 1.6 + 0.4 è 
(a—) — 0.3 + 1.67 — 1.0 +0.18% 
(b +) 1.6 + 1.61 0.7 + 0.227 
(b —) — 1.8 + 0.67 — 0.33 + 0.5 à 


DALITZ (1) has recently re-analysed the K~-proton data and obtained for the 
four solutions the following modified complex scattering lengths. 


o (fermi) A, (fermi) 
(a +") 0.05 + 1.1 1.45 + 0.351 
(a —") — 0.75 + 2.0% — 0.85 + 0.217% 
(b +") 1.15 + 2.04 0.70 + 0.257 
(b —) — 1.85 + 1.12 — 0.1 + 0.657 


Data concerning the scattering of K~-mesons by emulsion nuclei are avail- | 
‘able at mean K-meson energies of 52.5 MeV (?), 110 MeV (*) and 125 MeV (4). 


(1) R. H. Daxirz: Rev. Mod. Phys. (to be published 1961). 
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The average emulsion nucleus elastic differential cross-section do/d£ and re- 
are obtained at these energies by calculating the cross- 
ntative nuclei and averaging in the nuclear propor- 
tions mentioned below. The emulsion used to obtain the data of reference (°) 
is well represented by two kinds of nuclei, a «light» nucleus A —16, Z —8 
and a «heavy» nucleus À — 94, Z —41 in the nuclear proportions 0.817: 0.183. 
The emulsions of references (*) and (*) are represented by A=14, Z=7 and A=94 
Z—A1 nuclei in the proportions 0.574:0.426 and 0.565:0.435 respectively 
Figs. 3, 4 and 5 show plots of the experimental and calculated values of 


action cross-section Guns 
sections for two represe 


T T if ni T T 


(b+)o abs.=652 mb 


N 
\ 
3.0- (a+) 701mb 
SE 
26+ $ 
ao 
2 E 
22F 5 (b+) o abs. | 
S =654mb \ 
1.8L © (a+') cabs. =698 mb 


0.64 


q (MeV/c ) 
=I 
0 20 40 60 80 100 120 140 160 180 


0.2L IL I 1 I 


te 9 mp = A: + © ‘ - 

Fig. 3. — The experimental and calculated values of qg*do/dQ versus q. The calculated 

curves were obtained for a 52.5 MeV incident K-meson using 1) = 1.07 fermi 
a nn va . > Cu | Mo, ; xv Ò ° 5 | 

a=0.57 fermi, R,= — +» and the K=-proton solutions indicated. Experimental values 


obtained by Hit et al. (-); experimental 6,,,—640 mb. 


ils 


q*do/d2 vs. q, the momentum transfer to the nucleus. In Fig. 3 the cal- 
culated values of g*do/d@ are obtained for a K-meson of incident energy of 
52.5 MeV using only the (+) solutions of the K=-proton data. For fe (—) 
pola ous of the K -proton data the energy of the K~-meson inside the nucleus 
is considerably less than 50 MeV, consequently the optical model potential 
“Puc be determined using the direct interaction model as described in Sec- 
tion 2. The calculated values of q*do/dQ in Figs. 4 and 5 are ESTA) Co 
incident K~-meson energies of 110 MeV and 125 MeV respectively. If a 
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8 
I 
LE (b+) a abs.= 791 mb, 
el (a+) 0 abs.=851 mb 
< 
> 
@ 
Je 
AS 
vo 
x 
ARIE 
+ b-)o abs.=719mb 
pi 
lE 
g (MeV/c) 
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| | 
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Fig. 4. - The experimental and calculated values of qg*do/d2 versus q at a mean incident 
K~-meson energy of 110 MeV. The calculated curves were obtained for r,—1.18 fermi, 
a=0.57 fermi and R,= —+r,. Experimental values obtained by MELKANOFF et al. (3); 


experimental o,,,=770 mb. 


8 
7° ] 
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Fig. 5. - The experimental and calculated values of 4! do/d 2 versus q at a mean incident 
K~-meson energy of 125 MeV. The calculated curves were obtained using 7)=1.07 fermi, 
a=0.57 fermi and R,= —1%. Experimental values obtained by JONEs (*); experi- 
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K--proton solutions are used for these incident energies, then the energy of 
the K--meson at the centre of the nucleus will be about 90 MeV, which is 
a favourable energy for the model used; but when the (+) K--proton solu- 
tions are taken the meson energy will increase as it enters the nucleus and 
thus some error may result from a neglect of the K~-nucleon p-wave contri- 
‘bution and use of the zero range K~-nucleon scattering lengths. 

A comparison between the calculated results from the K-proton (+) 
and (+’) solutions are shown in Table I for a K-meson of 110 MeV using 
ro =1.18 fermi and a = 0.57 fermi. 


PAB abe 
e «Light» nucleus | « Heavy » nucleus toi \ 
K--proton | | Calculated, 
solution | Re[Vp(6)] | Im[Y(0)]1 | RelV.,(0)] | Im[V,,(0)] | sw mb 

| | | i 
Wa <a — 33.8 n RR DC 851 

dr + 28.0 = 29410206 TT UT 

b+ SAT BEI ROOT 14 791. | 

Des SRI SON RT STRA — $4.9 719 
(NES) 170 530 1299 0 FRET 849 

ee + 26.3 — 28.2 + 38.9 (eres | 707 
54 18.2 ye SEA eee ht 

b —! iL, 6,8 cab 08 a ai e | = ST | 752. | 


Fop(0) is the optical model potential at the centre of the nucleus in MeV. The calcu- | 
lated o,pg is to be compared with the experimental value of 770 mb. | 


Fig. 6 shows the variation of the emulsion cross-section, calculated using 

x 1 à 01 È 

the (b+) Rorion, produced by altering R, and the parameters 7, and a of 

eq. (8). It is seen that the calculated values of do/dQ and o,,, depend on the 
‘ abs 

choice of these nuclear parameters and thus when more K--nucleon and K-- 

emir Cus data are available the purpose of this calculation may be altered to 

yield information on the size of these parameters 
The comparison of the calculated cross-sections with experiment in Figs. 3 
4 and 5 seem to favour the (b i ake. 
S i soluti C= or 
(b+) on to the K~-proton data, but because 


of the uncertainty in the experimental values of the nuclear emulsion differ- 
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DOMUS GALILÆANA 


PISA - VIA S. MARIA, 18 


CONCORSO INTERNAZIONALE 


AL 


“PREMIO GALILEO, 1964” 


DI QUATTRO MILIONI DI LIRE ITALIANE 


DOMUS GALILAANA 


PISA - VIA S. MARTA, 18 


CONCORSO INTERNAZIONALE 


“PREMIO GALILEO, 1964” 


DI QUATTRO MILIONI DI LIRE ITALIANE 


La Domus Galilæana, prendendo occasione della ricorrenza, nel 1964, del IV Cen- 
tenario della nascita di Galileo Galilei, col fine di onorare la memoria di lui e 
favorire gli studi galileiani, mette in palio, con Concorso Internazionale, un premio 
di 4000000 (quattro milioni) di lire italiane, netti e indivisibili, intitolato « Premio 
Galileo, 1964», da assegnarsi all'Autore o agli Autori di quella monografia che, 
fra tutte quelle presentate al Concorso secondo le norme qui sotto indicate ai 
n. 1 e 2, sia, da parte della Commissione (Giudicatrice, non solo dichiarata 
la migliore allo scopo precipuo di Far rivivere e illustrare sotto Vaspetto storico- 
critico, in modo ampio, profondo e documentato, l’opera di Galileo Galilei e il 
suo pensiero scientifico, ma dichiarata altresì degna, in valutazione assoluta, del 
Premio. : 

Il Concorso è aperto a chiunque voglia partecipare, qualunque sia la sua nazionalità. 

La partecipazione al Concorso implica da parte dei singoli concorrenti l’accettazione 
incondizionata delle seguenti norme. 


1. Ogni monografia presentata al Concorso: 


a) può essere opera di uno o più Autori; 


b) deve essere inedita al momento della presentazione e tale restare almeno fino 
al termine del Concorso; 


c) deve avere un'estensione di circa 500 pagine dattiloscritte di 30-35 righi cia- 
scuna e 60-65 battute per rigo (ciò che equivale grosso modo a un comune 
volume a stampa di circa 300 pagine); 


d) deve essere divisa in capitoli e paragrafi forniti di titoli e sottotitoli, e corredata 
almeno di due indici: uno sistematico di tutta la monografia e uno analitico, 
abbastanza esteso, delle cose notevoli, ordinato per nomi di persone citate 
e per argomenti ; 

€) può contenere in testo e fuori testo figure, tabelle e appendici; 


f) deve essere corredata, lungo il testo, di note che servano a indicare, in modo 
preciso e completo, le fonti bibliografiche e documentarie usate; 


9) deve usare di regola, come testo critico degli scritti di Galileo, ’Hdizione Nazio- 


nale delle Opere di Galileo Galilei (Editore Barbara - Firenze) e ad essa fare i 
riferimenti ; 


\ 


h) deve essere presentata in due sole copie: una o in lingua italiana o in lingua 
francese e l’altra in una delle seguenti lingue — francese, inglese, italiana, 
portoghese, russa, spagnola, tedesca — scelta in modo però che non sia quella 
medesima usata nella prima copia; inoltre le due copie debbono essere scritte 
a macchina in inchiostro nero su fogli staccati e su una pagina sola di essi; 

4) non deve portare indicazione alcuna del nome dell'Autore o degli Autori; 

l) deve essere contrassegnata con un motto (scritto con caratteri latini in stampa- 
tello) e accompagnata da una busta chiusa che all’esterno rechi il motto, senza 
altra indicazione, e all’interno contenga un foglio sul quale sia ripetuto il 
motto e siano anche indicati (con. caratteri latini in stampatello) il nome, 
il cognome e il recapito dell’Autore (0, se la monografia è opera di più Autori, 
i nomi, i cognomi e i recapiti degli Autori) e il nome, il cognome' e il recapito 
della persona (o la denominazione e la sede dell’Ente) alla quale (o al rappre- 
sentante legale del quale) nel caso che la monografia risulti vincitrice, deve 
essere materialmente consegnata la somma in palio. 


. Le due copie di cui alla norma 1-%) debbono essere inviate, possibilmente in un 
unico pacco, al seguente indirizzo: «Presidenza Domus Galileana - Concorso 
Galileo - Via S. Maria, 18 - Pisa (Italia) », e giungere a destinazione non prima 
delle ore 12 di Giovedì 1° Agosto 1968 e non dopo le ore 12 di Lunedì 30 Settembre 
dello stesso anno. 


. La Commissione Giudicatrice è composta del Presidente della Domus Galilæana, del 
Direttore della Domus Galilæana e di altri tre cultori di Storia della Scienza, scelti, 
dopo il 30 Settembre 1963, dal Consiglio di Amministrazione della Domus. 


. La Commissione Giudicatrice stabilirà dapprima, senza possibilità di ex-æquo, 
quale delle monografie presentate al Concorso meglio dell’altre corrisponda allo 
scopo precipuo indicato nell’introduzione di questo bando; indi giudicherà se essa, 
in valutazione assoluta, è degna del Premio: in caso affermativo la Commissione 


la dichiarerà vincitrice del Concorso stesso, e, al fine di conoscerne l’Autore o gli. 


Autori, aprirà la busta (e solo quella) che, secondo la norma 1-7), accompagna 
la monografia stessa; in caso negativo nessuna busta verrà aperta e il Concorso 
sarà dichiarato senza esito e potrà essere ripetuto. 


. Il parere della Commissione è inappellabile. 


. Tutte le copie delle monografie inviate e le relative buste saranno conservate nel- 
l’archivio della Domus. È 

. La proclamazione del vincitore (0, se la monografia vincitrice è opera di più 
Autori, la proclamazione dei vincitori) avverrà, da parte della Presidenza della 
Domus, nel 1964, e nello stesso anno avrà anche luogo, durante una cerimonia 
celebrativa alla Domus, la consegna materiale del Premio alla persona (o al 
rappresentante dell’Ente) che, nella busta. che accompagna la monografia vinci- 
trice, è indicata (o è indicato) a questo scopo: a detta persona (0 a detto rappre- 
sentante) verranno rimborsate la spesa di viaggio di andata e ritorno dalla sua 
residenza abituale fino a Pisa e quella di soggiorno a Pisa per i giorni della 
cerimonia. 

La Domus si riserva il diritto di pubblicare, a proprie spese e nelle proprie edizioni, 
la monografia vincitrice, scegliendo a suo piacimento una delle lingue o tutte e due 
le lingue nelle quali essa è stata presentata. All’Autore o agli Autori della mono- 
grafia vincitrice, nulla è dovuto per questo diritto della Domus. 


Dalla Domus Galilæana 
il 4 Luglio 1960 IL PRESIDENTE 


G. POLVANI 


D 0 M U SCA OP bar AN A 


PISA - VIA S. MARIA, 18, 


CONCOURS INTERNATIONAL 
“PREMIO GALILEO, 1964” i 


(« PRIX GALILEE, 1964 ») 
DE QUATRE MILLIONS DE LIT. 


La Domus Galilæana à l’occasion du quatrième centenaire, en 1964, de la nais- 
sance de Galileo Galilei, dans le but d’honorer sa mémoire et d’encourager les études 
galiléennes, organise un Concours International, doté d’un prix de 4.000.000 de lires 
(quatre millions de lires), net et indivisible, intitulé « Premio Galileo, 1964», qui sera 
décerné à l’Auteur ou aux Auteurs de la monographie qui, parmi toutes celles qui 
seront présentées au Concours, conformément aux règlements indiqués ci-dessous aux 
articles 1 et 2, sera déclarée par le Jury non seulement la meilleure quant au but 
essentiel qui sera de Faire revivre et d'illustrer, sous l'aspect historique et critique, 
d'une façon ample, approfondie et documentée, l'oeuvre et la pensée scientiz 
fique de Galileo Galilei, mais encore digne en valeur absolue, du Prix. 

Le Concours est ouvert à quiconque désire y participer, sans condition de nationalité. 

La participation au Concours suppose, de la part de chaque concurrent, l’accepta- 

: tion inconditionelle des règlements suivants. 


1. Toute monographie présentée au Concours: 


a) peut être l’oeuvre d’un ou plusieurs Auteurs ; 
3 b) doit être inédite au moment de la présentation et doit le rester au moins 
jusqu’à la fin du présent Concours; 
c) doit compter environ 500 pages dactylographiées, de 30-35 lignes chacune, 


à raison de 60-65 frappes par ligne (ce qui équivaut grosso modo à un volume 
imprimé courant d'environ 300 pages); 


d) doit être divisée en chapitres et paragraphes pourvus de titres et de sous-titres 
et suivie d’au moins deux index: l’un systématique de toute la monographie, 
l’autre analytique, assez abondant, des matières importantes, ordonnées alpha- 
bétiquement par noms des personnes nommées et par arguments ; 


€) peut comprendre en texte et hors texte, des illustrations, tableaux et appendices ; 

f) doit être accompagnée, tout au long du texte, de notes servant à indiquer, 
de facon précise et complète les sources bibliographiques et la documentation 
utilisées ; 

g) doit se servir de préférence, comme texte critique des écrits de Galilée, de 


l’Edizione Nazionale delle Opere di Galileo Galilei (Ed. Barbera - Firenze) 
et s’y référer; 


OV 


h) doit étre présentée en deux eremplaires seulement: l’un en italien ou en francais, 
l’autre dans une des langues suivantes: allemand, anglais, espagnol, francais, 
italien, portugais, russe, de facon que la langue choise pour le second exemplaire 
soit différente de celle du premier; en outre, les deux exemplaires doivent être 
tapés à la machine avec un ruban noir au recto seulement de feuillets simples; 


i) ne doit porter aucune indication du nom de l’Auteur ou des Auteurs; 


1) doit être marquée d’une devise (écrite en caractères latins d'imprimerie) et 
accompagnée d’une enveloppe fermée portant à l'extérieur la devise sans autre 
indication, et contenant à l’intérieur une feuille sur laquelle est répétée la 
devise et seront indiqués (en caractères latins d'imprimerie) le nom, le prenom et 
l'adresse de l’Auteur (ou des Auteurs) et le nom, le prénom e l’adresse de la 
personne (ou la dénomination et le siège de l’Organisme) à laquelle (ou au 
représentant légal duquel), dans le cas où la monographie serait déclarée 
gagnante, doit être matériellement remis le montant du Prix. 


Les deux exemplaires, dont il est parlé au règlement 1,h, doivent être envoyés, 
si possible en un paquet unique, à l'adresse suivante: «Presidenza Domus Gali- 


. Iæana - Concorso Galilei - Via S. Maria 18, Pisa (Italia) »; et arriver à destination 


ni avant 12 heures du Jeudi 1° Août 1963, ni après 12 heures du Lundi 30 Septembre 
de la même année. 


Le Jury .est composé du Président de la Domus Galilæana, du Directeur de la 
Domus Galilæana et de trois autres spécialistes d'Histoire de la Science, choisis 
aprés le 80 Septembre 1963, par le Conseil d’Administration de la Domus. 


Le Jury établira d’abord, sans possibilité d’ex-aequo, la monographie qui, parmi 
celles qui sont présentés au Concours correspond le mieux au but essentiel indiqué 
ci-dessus, puis il jugera si celle-ci, considerée quant à sa valeur absolue, est digne 
du Prix. Dans l’affirmative, le Jury la déclarera gagnante et, afin d’en connaître 
l’Auteur ou les Auteurs, il procédera à l’ouverture de l’enveloppe (et de celle-là 
uniquement) qui accompagne, conformément au réglement 1-7, la monopraphie 
elle-même; dans le cas contraire, aucune enveloppe ne sera ouverte, le Concours 


sera déclaré nul et pourra ainsi être répété. 
La décision du Jury est sans appel. 


Tous les exemplaires des monographies envoyées au Concours et les enveloppes 
fermées qui leur sont relatives seront conservés dans les archives de la Domus. 


La proclamation du gagnant (ou, si la monographie primée est l’oeuvre de plusieurs 
Auteurs, la proclamation des gagnants) sera faite par la Présidence de la Domus, 
en 1964, et la même année aura lieu également, au cours d’une cérémonie qui se 
déroulera à la Domus, la remise effective du Prix à la personne qui, dans l’enveloppe 
accompagnant la monographie primée, "est indiquée à cet effet: à cette personne 
seront remboursés les frais de voyage aller et retour de sa résidence habituelle 
jusqu’à Pise ainsi que ses frais de séjour à Pise pour les jours de la cérémonie. 


La Domus se réserve le droit de publier à ses propres frais et dans ses propres 
éditions, la monographie primée, en choisissant à son gré une des langues ou les 
deux langues dans lesquelles elle a été présentée. La Domus ne devra rien à l’Auteur 
ou aux Auteurs de la monographie pour la jouissance de ce droit. 


De la Domus Galilæana LE PRESIDENT 
le 4 Julliet 1960. G. POLVANI 


Carioti ah da 
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DOMUS GALILÆANA 


PISA - VIA S. MARIA, 18 


INTERNATIONAL COMPETITION 


FOR THE 


“PREMIO GALILEO, 1964” 


(« GALILEO PRIZE, 1964 ») 
OF FOUR MILLION LIRE. 


On the occasion of the fourth centenary, in 1964, of the birth of Galileo Galilei, the 
Domus Galilæana, in his memory and to encourage Galilean studies, announces an Inter- 
national Competition for a net and indivisible prize of Lit. 4.000.000 (four millions) 
entitled «Premio Galileo, 1964». It is to be awarded to the Author or Authors 
of the monograph which, of all those presented at the Competition in accordance 
with rules 1 and 2 stated below, is deemed by the judging Committee to be best, not 
only from the point of view of the primary purpose of Illustrating and reviving interest 
in the work and scientific thought of Galileo Galilei with an ample, deep, and 
documented treatment of a historical and critical type, but also from the point of 
view of general excellence and absolute merit. 

The Competition is open to everyone of any nationality who wishes to parti- 
cipate. 


Participation in the competition implies on the part of each competitor uncondi- 
tional acceptance of the following rules. 


1. Every monograph presented to the Competition : 
a) may be the work of one or more Authors; 


b) shall be unpublished at the moment of presentation and until the end of the 
present Competition ; 


c) shall have a length of about 500 pages of 30-35 lines each and 60-65 strokes 
per line (which corresponds to a common printed volume of about 300 pages); 

d) shall be divided in chapters and paragraphs with titles and subtitles, and 
furnished with at least two indexes: a systematic one of the whole monograph 
and a fairly extended analytic index including, in alphabetic order, notable 
things, topics, and names of persons cited ; 

e) may contain, in text and out of text, figures, tables and appendices ; 


f) shall include, along with the text, footnotes which serve to indicate exactly 
and completely the bibliographic and documentary sources used; 


9) shall, as a rule, refer to the Edizione Nazionale delle Opere di Galileo Galilei 


(Publisher Barbèra - Firenze) as the critical text of Galileo’s writings and 
refer to it in the footnotes; 


h) shall be presented in only two copies: one in Italian or French and the 
other in an additional language which is one of the following group: English, 
French, German, Italian, Portuguese, Russian, Spanish; the two copies shall 
be typewritten with black ink on only one side of loose sheets ; 


î) shall be marked with a motto (written in latin block letters) and accompanied 
by a closed cover which on the outside bears only the same motto and on the 
inside contains a sheet on which the motto is repeated and where may be 
found (written in latin block letters) the name and the address of the Author 
(or if the monograph is the work of more than one Author, the names and the 
addresses of the Authors) and the name and the address of the person (or of 
the Institution) to whom (or to the legal representative of which) the amount 
of the Prize should be paid in case the monograph is declared winner of the 
Prize. 


. The two copies as per rule 1-h shall be sent, if possible in only one parcel, to 
the following address: «Presidenza Domus Galilæana - Concorso Galilei - Via 
S. Maria, 18 - Pisa (Italia) >»; and reach their destination not before 12 o’clock of 
Thursday, August 1st, 1963 and not after 12 o’clock of Monday September 30th 
of the same year. 


. The judging Committee is formed by the President of the Domus Galilæana, 
‘the Director of the Domus Galilæana and three other experts in History 
of Science, chosen, after September 30th, 1963 by the Domus’ Board of directors 


. The judging Committee will first decide which of the monographs presented 


best fulfils the primary purpose stated in the introduction of this announce- 


ment, the occurrence of a tie being excluded. Then it will decide if the monograph 
so chosen deserves the Prize on the basis of general excellence and absolute 
merit. If the latter decision is in the affirmative the monograph will be declared 
winner of the Competition and, to determine its Author or Authors, the 
Committee will open the cover (and only that one) which, after rule 1-1) 
accompanies the monograph; if the decision is in the negative no cover will 
be opened and the Competition will be declared issueless, and may be repeated. 


5. The decision of the Committee is final. 


6. All the copies of the monographs presented to the Competition and the 
accompanying covers will be filed in the archives of the Domus. 


. The proclamation of the winner (or, if the winning monograph is the work of more 
than one Author, of the winners) will be made by the President of the Domus 
in 1964. In the same year, during a ceremony of celebration arranged by the 
Domus Galilæana, the Prize will be delivered to the person who, in the cover 
which accompanies the winning monograph, is designated for that purpose. 
This person will be reimbursed for travelling expenses from his customary 
residence to Pisa and return, and for his stay at Pisa for the days of the 
ceremony. 


. The Domus reserves the right to pubish, at its own expense and in its own 
editions, the winning monograph, choosing either one or both of the languages 
in which it has been presented. The Author or Authors will be due no compensation 
for these rights of pubblication reserved by the Domus. 


From the Domus Galilæana THE PRESIDENT 
given July 4th, 1960 (G. POLVANI) 


‘DOMUS GALILÆANA. 


PISA - VIA S. MARIA, 18 


“PREMIO GALILEO, 1964” 
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IL NUOVO CIMENTO Vou. XXI, N. 1 1° Luglio 1961 


Remarks on the Nuclear Absorption 
of Negative Pions in Deuterium. 


E. G. BELTRAMETTI 


Istituto di Fisica dell’ Università - Genova 
Istituto Nazionale di Fisica Nucleare - Sezione di Genova 


(ricevuto il 10 Aprile 1961) 


Summary. — The correlation between the polarization of the neutrons 
emitted in the capture reaction m-+d-—2n is examined. It is found 
to be simply related to the state of the absorbed pion, providing a means 
of separating the contributions to the process from s and p states of the 
meson. A possible extension to the capture in complex nuclei is briefly 
sketched. 


1. — The nuclear absorption of negative pions, captured by the Coulomb 
field in orbits very close to the nucleus, is among the most direct sources of 
information about the pion-nucleon interaction at very low energies. 

Unfortunately, the partial ignorance of the nuclear structure and of the 
orbital state of the absorbed pion introduces strong limitations into the peno- 
menological study of the interaction. 

This paper is intended to discuss a possibility of distinguishing the ab- 
sorption processes relative to the pion in an s or in a p Coulomb orbit (*). 

A similar purpose has already been taken into consideration, in respect 
to complex nuclei in which the meson’s optical transitions give rise to X-rays 
of rather high energy. The idea is to measure the width of the K- and L-lines 
in order to deduce the pion mean-life in the different shells. This is near the 


limit of experimental possibility and has not yet been able to provide definite 
conclusions (1). 


() The shortened forms of «s-absorption » and « p-absorption » will be used. 
(') J. M. CasseLs: Suppl. Nuovo Cimento, 14, 259 (1959). 
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Let us remember that the mechanism, proposed by BRUECKNER et al. (23) 
to describe the non-radiative absorption of the x -meson, requires a direct 
collision of two nucleons in order to absorb the large energy and the small 
momentum available. The validity of such a model has been reconfirmed 
recently in an experiment by OZAKI et al. (*). They found that, in complex 
nuclei, the pion absorption probability by a proton-neutron pair (a « quasi- 
deuteron ») is about five times larger than by a proton-proton pair; moreover, 
the two nucleons emerge from the nucleus in opposite directions, within the 
experimental errors. 

Now, if we consider the case of pion absorption by a quasi-deuteron, we 
could expect that the antisymmetry requirement for the final state of the two 
ejected neutrons, together with angular momentum and parity conservation, 
causes the spin-state of the emitted neutrons to be different, according to 
whether the pion is absorbed in an s or a p orbit. 

Of course, these predictions will suffer from the poor knowledge of the 
nuclear wave functions, expecially of the two-nucleon correlation function. 
Things appear more simple for the pion absorption in deuterium, since in this 
case the problem of the detailed nuclear structure is missing. 

Therefore we shall examine (in Sections 2 and 3), the possibility of obtaining 
information about the non-radiative s- and p-absorption in deuterium, by 
means of correlation measurements in the polarization of the final neutrons. 

This purpose might appear useless, bearing in mind that some calculations 
on the importance of the p-absorption in deuterium can be found in the lite- 
rature of about ten years ago. This occurred in connection with some exper- 
iments (5) which gave the value — 2.36 for the ratio between the probabi- 
lities of the processes 7-+d+2n and m+d—2n-+y (*). An s-absorption 
contribution to the non-radiative process would imply a negative parity of 
the (charged) pion, relative to the nucleon. This was the main reason to inves- 
tigate if the s-absorption would play a role or not. It is well known that the 


2 


answer was yes, after BRUECKNER, SERBER and WATSON (?) estimated that 


(2) K. A. BRUECKNER, R. SERBER and K. M. Warson: Phys. R2v., 81, 575 (1951); 
R. E. MARSHAK: Rev. Mod. Phys., 28, 137 (1951). 

(3) K. A. BRUECKNER, R. SERBER and K. M. Warson: Phys. Rev., 84, 258 (1951); 
K. A. BRUECKNER, R. J. EDEN and N. C. FRANCIS: Phys. Rev., 98, 1455 (1955). 

(4) S. OzAKI R. WeInsTEIN, G. GLASS, E. Lon, L. NEIMALA and A. WATTENBERG: 
Phys. Rev. Lett., 4, 533 (196C). 

(5) W. K. H. PANOFSKy, R. L. Aamopt and J. HADLEY: Phys. Rev., 81, 565 (1951); 
W. CHINOWSKY and J. STEINBERGER: Phys. Rev., 95, 1561 (1954); J. A. KUEHNER, 
A. W. MERRISON and S. ToRNABENE: Proc. Phys. Soc., 73, 551 (1958). 

(‘) The ratio of the non-radiative to the radiative capture probability increases 
very rapidly with the nuclear mass number, e.g. for the capture in carbon, its value 
is ~ 65. It should also be noted that the process 7-+d +2n+7° is unimportant (f). 

(5) W. CHinowsky and J. STEINBERGER: Phys. Rev., 100, 1476 (1955). 
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the p-absorption probability is smaller, by about one order of magnitude, 
than the probability of the electromagnetic transition to the s-state. 

It must be realized that in the above-mentioned calculation the transition 
matrix element is assumed to be a linear function of the pion momentum ; 
moreover the distortion of the Coulomb wave-function over the nuclear volume 
is neglected. 

Therefore it does not seem useless to look for direct information on the 
relative importance of the s- and p-absorption in deuterium. Beside the in- 
terest of the problem in itself, the possibility of extending the analysis to 
complex nuclei (in which the p-absorption is certainly important) is to be 
taken into account. We shall say few words about this last point in Section 4. 


2. — Here the possible correlations in the polarization of the two neutrons 
coming from 
r+d—2n 


will be analysed for the pion absorption in an s or a p orbit. 
The two-neutron state, relative to orbital angular momentum J, spin S, 
total angular momentum J and third component M, will be denoted by 


(1) Ua DI ORE CPI ten 


mtu=M 


where 07£7 are the Clebsch-Gordan coefficients, Y,,, is the spherical harmonic 
function of order L, m, depending on the relative angular co-ordinates, and y,, 
is the spin function relative to the value mw for the third component. 

Of course no preferred direction will be supposed for the mesic atom. There- 
fore the state of the two neutrons will be an incoherent superposition, with 
equal weight, of the wave functions y,;7 corresponding to all allowed M-values. 

Let « and @’, (8 and f'), be the spin-up, (spin-down), states relative to the 
quantization axes 2 and 2’ chosen to define the spin of the neutrons. These 
axes are determined by the arrangement of the analysers A and A’ used to 
measure the polarization of the two neutrons. For the sake of definiteness 
the index 1 will refer to the neutron detected in A and the index 2 to that one 
detected in A’ (see Fig. 1). 

The probability of the situation in which neutron 1 is observed, e.g., in 
the spin state « and neutron 2 in the state «', is proportional to 


> |[e(1)a'(2), y,#1/, 


where the square bracket signifies integer 


ation over the spin co-ordinates. As 
previously pointed out, the whole st 


ate of the two particles is assumed to be 
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a mixture of the wave function y,g corresponding to M=+J, + (J—1), 
zie 140: vr 

It is then natural to define the correlation degree between the neutron 
polarizations as follows: 


itz œ'(2 2} Yase |? = DIC 2) 7 era | î 


(2) = aos ; a 
Pis SIE SUL 71 Ri + DIC 2), Yrer È i fio: 

M "ya 

à 


(the substitution of «(1) by B(1) simply introduces a sign change in the defi- î 


nition of P,,,). 3 
The angular momentum and parity conservation in the reaction +o 

> 

xd —> 2n DS 

Fe 

7 

. . . . . . . . tale 

together with the Pauli principle requirements, do impose severe restrictions a 


on the final state. Indeed, it must be a mixture of the states y}, (M— +1, 0). Nie 
if the pion is in an s orbit, while, in the case of p-absorption, it must be a fai. 


misture oi and y,,, 5 (M=+2 4-1; 0). % 
Therefore, denoting P* and P? the correlation degrees between the neutron vi i 
polarizations for s-absorption and p-absorption respectively, we can write Bici 
(3) PS = Pin, 
(4) P? =|a|®Poo + |B |? Pooe » (|a|?+ |b|?=1), 
2 and |b|? are the probabilities for the system (deuteron--pion in a ‘DI di 
p orbit) to have a total angular momentum J= 0 of J= | a 
The relations (3) and (4), toge- i 
ther with the definitions (1) and (2), : 5 7 È; 
allow a straightforward calculation à à ee Ù 
oe IPS emo 727 N y “rig 
For the sake of simplicity, the N re 
co-ordinate system adopted to define hi troni neutron 2 È fa AS i 
the states y,,’ (see eq. (1)) will be / 
chosen to have the quantization axis 2 / + 
coincident with the axis identified i LR 
Fig. 1. Mi 


by the analyser A, as shown in Fig. 1. 
In other words, in performing 
the integrations indicated in eq. (2), the spin functions y,,, « and f’ will be Ag 
expressed through « and f. 
If we are interested in the transverse polarizations of the neutrons, %.e. if 
the axes ¢ and 2’ are perpendicular to the emission direction of the neutrons, 
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the spherical harmonie functions in eq. (1) and (2) have to be calculated for 
0= n/2. Alternatively if we are interested in the case of longitudinal polar- 
ization, i.e. if the axes e and 2' are parallel to the emission direction of the 
neutrons, the functions Y,,, have to be calculated for f= 0. 

The explicit calculation of P*, (eq. (3)), gives a vanishing value in the case 
of transverse polarizations, no matter what the angle between the axis 2 and 2’. 
Instead, in the case of longitudinal polarizations and taking 2 coincident with 2, 
one obtains P*—+1. In other words, if the spin of neutron 1 is parallel, 
(or anti-parallel), to its momentum, then the spin of neutron 2 is anti-parallel, 
(or parallel), to its own momentum. 

The calculation of P? is quite obvious and does not depend on the quan- 
tities 2 and |b|® which appear in eq. (4). This is because y,,, and y,,, are 
both singlet spin-functions, so that 


po [Late (2), wool |* = ILx(1)B"(2), rool? _ Le (2), PMI? —|(6"2), BE)" 
Ta) (2), 20011 + [(e(1)8"(2), yooll? lle’ (2), PCI + 118"), BP 


The correlation degree P? depends only on the relative directions of the 
axes 2 and 2’, but does not depend on the angle between ¢ and the motion 
direction of the neutrons. This is due to the fact that the singlet function 7 
is invariant under rotation of the co-ordinate axes. 

The highest correlation is obtained when 2 and ¢’ are parallel: in fact in 
this case one obtains P?=—1 if the two axes have the same direction 
(P? =-+1 in the opposite case). In other words, if neutron 1 is observed to 
have spin-up, then neutron 2 has certainly spin-down, no matter which is 
the direction of the quantization axis. 

From the experimental point of view the measurement of transverse polar- 
izations is the simpler one. Therefore, limiting ourselves to this particular 
case, we can summarize the situation by saying that there is no correlation 
between the two-neutron polarizations if the pion is absorbed in an s orbit; 
instead there is complete correlation in the case of p-absorption. 

The experimental possibility, of measuring in this way the relative impor- 
tance of the s- and p-absorption, obviously depends on the efficiencies 7 and 7’ 
of the analysers A and A’ (*). 

If we are not wrong, there are not yet tested analysers for neutron polar- 
ization in the energy region about 70 MeV (this is actually, in our case, the 
energy of the neutrons). However, the right-left asymmetry in the elastic 
scattering in carbon gives a value 7— 0.3 for 70 MeV protons (7) and there 


) Denoting by r the probability for a spin-up neutron to be recognized in such a 
spin state by the analyser, the efficiency » is defined by g=r—(1—-r)=2r- 1. 


(7) L. WOLFENSTEIN: Ann. Rev. Nucl. Sci.. 6, 43 (1956): A. E. TAYLOR: Rep. Prog. 
Phys., 20. 125 (1957). 
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is no reason to believe that things are much different for neutrons. Higher 
efficiency could perhaps be obtained with neutron scattering in helium, as 
suggested by the data at energies below — 25 MeV (8). 

In the case of complete correlation, the detectable effect is given by the 
product of the efficiencies 7 and 7’. Its order of magnitude could be at least 10 °%. 


8. — In the preceding section we discussed the possibility of distinguishing 
the s-absorption and the p-absorption of the 7--meson, by means of coinci- 
dence measurements of the neutron polarization. Let f, and f, be the proba- 
bilities of the two processes. 

The question is now to know what information can be deduced about the 
corresponding transition probabilities per unit time 7, and 7,. These are 
indeed more immediately related to the Hamiltonian interaction. 

Up to now we spoke of s and p meson-orbits, without needing to specify 
the radial quantum number. However it is to be expected that only the deeper 
orbits do contribute to the absorption process. Therefore, in order to simplify, 
we shall refer to the 1s and 1p states. 

The meson transitions from one orbit to a lower one occur mainly by 
Auger effect (*11). However, when the radial quantum number is less than 
~ 3, the meson orbit becomes smaller than the electron Æ-orbit and the electro- 
magnetic transition, with X-ray emission, prevails (°). Because of the selection 
rule for the orbital quantum number, Al= +1, the s-state is always derived 
from the p-state. 

Denoting by £ the probability per unit time of the electromagnetic tran- 
sition 1p—1s and by TY and TY those corresponding to 7, and 7, for the 
radiative absorption 


m+t+d—>2n+y 
the following relations are obtained: 


he Poa oT ea 


(5) fs 


p 


i= TA 1 ai ve 
E + MEET Li 


(8) C. RuBBIA and M. ToLLER: Nuovo Cimento, 10, 410 (1958). We wish to thank 
dr. L. pi LeLLa for a number of useful informations on this subject. 

(2) E. Beret and E. TeLLER: Phys. Rev., 72, 299 (1947). 

(0) A. S. WiGHTMAN: Phys. Rev., 17, 521 (1950). 

(11) R. A. Ferret: Phys. Rev. Lett., 4, 425 (1960); A. PEVSNER, R. STRAND, 
L. Mapansxy and T. ToomG: Nuovo Cimento, 19, 409 (1961). 
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In these equations four unknown quantities appear, Og LAPS LS ge) dA 
while £ can be calculated with reasonable confidence. In writing eq. (5) and (6) 
it is taken into account that the reaction 7r-+d >2n+7° is unimportant 
and that the absorption mean-life is much smaller than the pion decay mean-life. 

Tt should be noted that the experimental ratio between the non-radiative 
absorption probability 


f= fee 
and the radiative absorption probability (*) 

PASS) 
is found to be about two (1). Unfortunately, it seems to be difficult to devise 
a criterion which could distinguish between the s- and p-contributions to the 


radiative absorption. 
Eq. (5) and (6) may also be written 


(7) 1383 + fr Sp = Le 
(3) TEST ey) =f,E, 
by putting 
1 sigs 
‘Seer anc ZI 
y. T. ind à T 


The measurement of f, and f, then gives two relations for the quantities S,, 
S, and 7,. To obtain more information one could perhaps measure the in- 
tensity of the X-rays emitted in the meson transition 1p + 1s. In doing so 
the probability of such a process, given by 


(9) fel oe 
H+T,4.1%? 


i p 


could be determined. 


ni lord = . a . 
Eq. (7), (8) and (9) may be rearranged in the following way: 


(10) esta 
feta 
(11) gu) i 
fo 

i ee 

(12) TE, = re 


(*) The y-rays fro = —2n++ ar ar È i 
) RSA om m~-+d +2n+vy are nearly monoenergetic, with an energy close 
to the pion mass. a 
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It is to be noted that the ratio S,= CES Te is the only obtainable information 
about the s-absorption from the knowledge of f,, f, and f*. 

In order to know 7, and 7° separately, a measurement of the 1s-state 
mean-life would be required. This could be done, in principle, by detecting 
the delayed coincidences between the X-ray, which give rise to this state, and 
the y-ray of the radiative absorption. Another method could be based on the 
width determination for the lines 1p —1s, 2p — 1s, ete. However all this is 
near the limits of the experimental possibilities. 


4. — We are now going to sketch, very roughly, a possible extension to 
complex nuclei, following what was said in Section 2 about the non-radiative 
absorption in deuterium. 

For this, some assumptions about the two-nucleon correlation function 
inside the nuclear matter are needed. 

We shall make use of the so called « quasi-deuteron model » (12) or « inde- 
pendent pair model » (1) and we shall suppose the relative motion of the two 
interacting nucleons to be an s-wave (13:14), 

Moreover the C.M. motion of the quasi-deuteron (5) will be neglected. 

Since we are interested in the two-neutron emission, the interacting pair 
which absorbs the pion will be a proton-neutron pair. Therefore both the singlet 
and triplet interactions must be taken into consideration. 

If the quasi-deuteron is in a triplet spin-state, all we have said in Section 2 
holds unchanged. 

We go then to the case of a quasi-deuteron in a singlet spin-state. 

First of all it is to be noticed that there is no p-absorption. Indeed a two- 
neutron antisymmetric state, having J —1 and positive parity, does not exist. 

Instead, the s-absorption is possible and leads to the final state y,,,. Lim- 
iting ourselves to the case of transverse polarizations, it is easy to verify that 
P,0=+1 if the axes z and 2’ are taken parallel and pointing in the same 
direction. 

To summarize: the p-absorption (to which only the quasi-deuterons in a 
triplet state contribute) leads to antiparallel transverse polarizations of the 
two neutrons. The s-absorption leads to uncorrelated polarizations, if the 
quasi-deuteron is in a triplet state, and to parallel transverse polarizations 
if the quasi-deuteron is in a singlet state. 


(2) J. HEIDMANN: Phys. Rev., 80, 171 (1950); J. S. LEVINGER: Phys. Rev., 84, 
43 (1951). 

(13) L. C. Gomzs, J. D. WALECKA and V. F. WrIssKopr: Ann. Phys., 3, 241 (1958). 

(14) K. Gorrrrisp: Nucl. Phys., 5, 557 (1958); T. TAGAMI: Prog. Theor. Phys., 
21, 533 (1959). 

(15) L. S. AzHGIREI, I. K. Vzorov, V. P. ZreLov, M. G. MESCHERIAKOV, B. 
S. NEGANOV and A. F. SHaBUDIN: Soviet Phys. J.E.T.P., 6, 911 (1958). 
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RIASSUNTO 


Si esamina la correlazione fra le polarizzazioni dei neutroni emessi nella reazione 
di cattura: m+d + 2n. Ne risulta una semplice relazione con lo stato del mesone assor- 
bito, ottenendo così un mezzo per distinguere i contributi al processo da parte di stati 
mesonici s e p. Si accenna anche brevemente ad una possibile estensione al caso di cat- 
tura in nuclei complessi. 
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On a Generalized Foldy-Wouthuysen Transformation. 


OC: G. BoLLINI and J. J. GIAMBIAGI 


Facultad de Ciencias Exactas y Naturales Universidad de Buenos Aires - Buenos Aires 


(ricevuto il 14 Aprile 1961) 


Summary. — A correspondence between the Lorents and the Foldy- 
Wouthuysen transformation is discussed. It is extended to any Lorentz 
transformation and it is shown that the transformation defined by Cini- 
Toushek fits as a special case of this correspondence. It is shown that 
while the Lorentz transformation operates in a space with an indefinite 
Lorentz invariant metric, the Foldy transformation here discussed operates 
in a space with a positive definite euclidean metric. This correspondence is 
extended to any spin. A particular discussion is given for the spin 1 case, 
for which a hamiltonian equation is proposed. 


1. — Introduction. 


In the spin } case the problem of deducing a Pauli type equation (?.e. one 
without the weak components) equivalent to the Dirac one has been solved 
by FoLDy-WOUTHUYSEN (1). The method used by these authors consists in 
finding a unitary transformation that eliminates the odd operators from the 
Dirac hamiltonian. In a similar way, it is possible to introduce another unitary 
transformation which eliminates the even part of the Dirac hamiltonian. This 
has been done by CINI-TOUSHEK (?). 

In this work we are going to adopt a viewpoint which stems from the 
analogy, pointed out by one of us (*), between the Foldy-Wouthuysen trans- 


(1) L. FoLpy and S. WoutHuysEen: Phys. Rev., 78, 29 (1956). 
(2) M. Cini and B. TOUSHEK: Nuovo Cimento, 3, 424 (1958). 
(3) J. J. GramBraGi: Nuovo Cimento, 16, 202 (1960). 
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formation (4) and the Lorentz transformation that refers the particle to its 
rest system. We want to discuss that analogy in a more complete way, 
without reference to the hamiltonian, including in it the Cini-Toushek trans- 
formation (5) and extending the analysis to higher spins, with à special dis- 
cussion for the spin-one case. The inclusion of the C.T.t. within the general 
scheme and the possibility of its extension to higher spin values in a natural 
and uniform way further supports our definition for the general F.W.t. This 
definition should be compared with that introduced by CASE (°) for spin one 
The latter does not allow one to include the C.T.t. in the general formalism. 

Furthermore, being independent of the hamiltonian, the F.W.t. here 
considered allows the introduction, by a simple analogy with the spin-} case, 
of a hamiltonian equation of motion for higher spin particles. 


2. — Spin +. 


The Lorentz transformation is of course, the natural transformation to be 
used when one tries to establish the connection between the same experimental 
situation as described in two different Lorentz systems. This transformation 
leaves invariant the scalar product defined by 


et) (po VY), = Fy = php; B= 


DO. Oey 


where g* is related to m by a coniugation and a transposition. 
On the other hand, the F.W.t. is not unitary within the scalar product 
defined by (2.1). Instead, it is unitary with the positive definite scalar product, 


(®, Y)z = yy . 


The latter is a more suitable definition for the hamiltonian representation of 
the movement of a particle, because the Dirac hamiltonian is hermitian with 
respect to (2.2) but not with respect to (2.1). 


(4) Hereafter referred to as F.W.t. 
(5) Hereafter referred to as C.T.t. 
(°) R. CASE: Phys. Rev., 96, 1323 (1954). 
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We write the Dirac hamiltonian 


(2.3) H=a:p+fm= Bq, 
Bi = &; i Ba = B î 
¢=1,2,3. ) By= Pur 
dre Pad} a = M 
(2.4) ARSA 


Suppose now for a while, that we did not know the form of the hamiltonian 
(2.3) and accordingly we did not know the form of the spinor representing a 
particle with impulse p. It is nevertheless possible to obtain that spinor if 
we adopt the following procedure. 

Let us start from a particle at rest, described by a spinor y,, having two 
components and containing the state of polarization and the sign of the 
energy. For the representation of a particle with a certain momentum p, one 
can use the spinor (with the appropriate exponential factor) 


(2.5) y(p) = Ley , 


where L, is the Lorentz transformation that reduces p to zero 


(2.6) «sil 


However, as we said, this transformation is not suitable for a hamiltonian 
representation because it does not leave invariant the positive definite scalar 
product (2.2). In other words, L is not unitary within (2.2). Nevertheless, 
a little «amendment » or correction will make L unitary. 

We first observe that, if the energy is positive 


= Him+a-p E + m + x-pp 
b_n 
V2m(E + m) V2m(E + m) 


because fw =. If the energy is negative 


1-1 E+m_—a-p 
°  V2m(E+m) 
ie B À es ap = one m +- xp det 
4 2m(E + m) V2m(E + m) 


because wo = — Yo. 
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Lastly, if one wants yy = Yo Vos one must multiply by the «renormali- 


zation » factor Vm/E. After that 


E + m + a-pp ) 
== Sas ts ge 


2.7 SS 
a YO or mn 


And the transformation is now unitary within (2.2) and in fact coincides with 
the inverse of the F.W.t. 

E + m + a-pp 

V2E(E +m) 


(2.8) F,1— 


We have established in that way a correspondence between the Lorentz trans- 
formation that takes the particle to its rest system and the F.W.t. We 
can now say that the latter allows one to describe the polarization of the par- 
ticle (within the hamiltonian formulation) by means of a «spinor at rest ». 

The correspondence can easily be extended. Any Lorentz transformation 
that transforms p, into p, can be expressed as 


(2.9) L(pn) = REA Le > 
Which leads us to the definition 
(2.10) F(Palps) = FF, - 


Thus, the correspondence is completed. 

Furthermore, we can now give a sense to a transformation to the velocity 
of light. In spite of the fact that L (p,/oo) is non-existent because L, blows 
up in the limit p— co, the corresponding limit of the induced F.W.t. has a 
perfectly definite sense. | 
(2.11) e LA, 


x = 
V2 
where C is a unit vector in the direction of p. (2.11) can be deduced from 


(2:12) F Di E + m + fa-p 
° VORB Lm ° 


if we notice that for E > co, |p |/|#| 1. 
A F.W.t. to the velocity of light is then 


Cy = F(p/oo) = FZF,. 
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An actual calculation, 7.e., a multiplication of the inverse of (2.11) by 
(2.12) gives 


(2.14) CR CD ERS 

V2E(E + p) 
And this is precisely the C.T.t., which can then be interpreted as a F.W.t. 
to the velocity of light. 

To end this chapter we shall write these transformations in the usual more 
compact exponential form 


(2.15) IX $ arctgh À ; 
p Pp 

F, = exp |— p op arctg A 3 

(2.16) LA DI , 
4 n ) } p 
Cs = He If == exp Ù 2p > +: arctg in | — exp es arcotg im 
5 ) n 

(2.17) C= exp È 3 aretg "I 
3. — Spin 1. 


We.know that, under a Lorentz transformation 
(3.1) w= 4,'",;  aga,=ò?, 


any four vector g, changes to 


ti 


€ = v ni 
(3.2) Pu Fai. dy Py: 
On account of (3.1), this transformation leaves invariant the scalar product 


wy 


(3.3) pi p,g"p,. [9? = 0"; è,j=1,2,3; g#= 1]. 
L 


(3.3) should be compared with (2.1) where we see that f plays the role of a 
metric. Sometimes, to stress further that analogy, we shall write (3.3) with 


a matrix notation 


(3.4) (gs p), = PI - 


The Lorentz spinor transformation is not independent from the vectorial 


2679 


112 Cc. G. BOLLINI and J. J. GIAMBIAGI 


transformation. We have 

(3.5) iy, L = G,'V, 

which is a consequence of the relativistic invariance of the Dirac equation. 
From (3.5) we can deduce 

(3.6) ay, =} Tr { Ly, Ly,} ; 


with 
t Tr 7 Vs} = Iw È 


Eq. (3.6) could be used to find out the coefficients 4,, from L,, if they had 
not been known beforehand 


il 
(3.7) (D) = Yur # m (Jan iv "i Jin ar) p° ar 
E pi pi ae 
si (= = i) (os pi ae tu) ; (i,j = 1, 2,3). 


It should be kept in mind that the Lorentz transformation leaves invariant 
the relativistic form of the Dirac equation 


(3.8) DE = mp; w= Bas w=, 


while the F.W.t. leaves invariant the hamiltonian form of the Dirac equation 
(see (2.3)) 


(3.9) ui QuY De Ey a 

We are now looking for a four vector transformation, analogous to Onys 
but related to the F.W.t. in a similar way to that in which a,, is related to 
the Lorentz transformation, as shown by (3.6). 

= look at the eq. (3.8) and (3.9) strongly suggests a change of BA for y, to 
be simultaneously made with that of F for L in (3.6). In this way we are 
guided to the following definition for the spin-1 F.W.t. 
3.10 p) = > £ I-16 } 
(3.10) bP) = ET {FSB FB}, 


with 


An actual calculation gives 


1 eee 
DI ll b 1 == jee ) N m tm) 
( ) wp) Ou = B (dan Oi» STE DE din) Pi + (7 A | (du ohn 3 + da) . 
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It is easy to see that 
(3.12) RATE, x TAI, = Oe * 


So that the definition (3.10) implies that the transformation b,, leaves 
invariant the euclidean positive definite scalar product 


(3.13) Pr Ya - 


So we have the same situation as in spin 3. The F.W.t. leaves invariant 
a positive definite scalar product and the Lorentz transformation an inde- 
finite one. 

A further comparison of (3.7) and (3.11) shows that a Lorentz transfor- 
mation to the rest system brings p, to the form 


Ul 


(3.14) Py = 4%ygP,3  P'=(0,0,0,m) 


leaving invariant the modulus p,p" = p?— E?— m?. 

While the F.W.t (3.11) has the property that q, (cf. (2.3)) is brought to 
the form 
(SB) che dio gi cai (000 5) 
and the invariant square modulus now is q,9,=p°+m?= E°. 

The F.W.t. defined by (3.10) can be extended, using (2.10) to any trans- 
formation p,—p,. The general F.W.t. will be, according to (2.10) 


bd. (Pa/P2) = bro (Pa) do(P1) 


and we can easily deduce 
b,,(P1/P2) = + Tr {F-(p,/p2)B,, F(p1/p2)B,} 


which generalizes (3.10). 
As in the spin-1 case, the limit #, for p — co has a definite meaning. 


(3.16) À b oo) ni Ore, = OO PA 0, 0,40, 0, Ô ga S 


url 


And a C.T.t. can again be defined as the F.W.t. to the velocity of light 
(cf. (2.13)) 


(3.17) Ce == Wid ihe > 


with coefficients 
Cn = b,,(00)b,,(p) - 
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From (3.11) and 3(.16) we obtain 


; m ; Pa te PiD; 
(3.18) Cuy = Ora ae E (Oi Oa fis On div) p' ai (È =) ) (0.10 pr a dda © 


It can also be verified that 


Cr — FAT CB, O85 
as was to be expected because C is a special F.W.t. 

The F.W.t. defined by (3.10) and the C.T.t. defined by (3.17) can also be 
obtained through another analogy with the spin-3 case. 

Let us write the Lorentz transformation a,” in the exponential form 


sr Ue 
(3.19) L® = exp |— 18” — arctgh v 
D 
where 


Sin = - (87,0, — di da) - 

If we compare the exponential forms for L and F (*) given in Section 2 
(2.15) and (2.16), we notice that we can pass from the former to the latter by 
the following procedure. First, multiply S* (in (2.15)) by f on the left. 
Second, change arctgh vinto arctg p/m. Now, keeping in mind that for spin 1 
g is the analogous of f, we get from (3.19) 


A A SE Ÿ; 4 
(3.20) exp | igS" — arctg 2 IU 
v mane 
which is the F.W.t. already defined by (3.10). The exponential form for the 
spin-1 C.T.t. can now be determined from the general definition (3.17) 
Vi 


(3.21) Cie Oey igs xe arete 4 : 
’ p 


4. — Hamiltonian equation for spin one. 


The adoption of the definition (3.11) for the coefficients of the F.W.t. implies 
the existence of the following relation 


(4.1) DvP AP) = p,(0) . 


L: Vi î + 1-1 r 4g 4 . 5 5 
() When no super-index is used, the corresponding transformation for spin 4 is 
meant. 3 


2682 


or” 


ON A GENERALIZED FOLDY-WOUTHUYSEN TRANSFORMATION MES 


Now, the vector «at rest » has its fourth component equal to zero, <.e. it fulfils 
the condition 


(4.2) Inv P (9) = p,(0) . 


Using (4.1), (4.2) can be written 


| Inv Dro Po(P) = db, PP) 
| 00, Ovo PoP) = (P) 
or, in matrix notation 
(4.3) FW-19 FL =. 
We may now recall that for spin } the hamiltonian form of the Dirac 
equation of motion can be written in the form 
(4.4) FB Fap = bp, 
q A Van = V me + pè , 
because 


q q 


Hs 
Ou 


F-16F — 


The analogous of the last expression for spin 1 is F®—1gF™ which is equal to 


fay 
(4.6) Fong RO — AE 
7 
with 
(4.7) pe = ddr — 6°47 660. 
I.e. 


DCO REVO GE oo CO) coca Na Nas 
Pia =9 ; si + Pig = — 20,0; — 20767, 


Pi = — 050; — 0; à . 
A comparison of (4.5) and (4.6) shows that, if for spin 3 the hamiltonian is 
taken to be 


Dol 


A gi BF — B49, 
the analogous expression for spin 1 must be 


(4.8) KO? = PRO GRY = BVI - 
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And the « hamiltonian » equation of motion is now 


Hy = Ep, 
(4.9) 
Bur Wu Io =" E? ; 


Or more explicitly from (4.7) 
(4.10) (go 24 45) Vs = E?y,- 
It is easy to show from (4.10) that 
TE» AS? = q* 
so that (4.9) implies 
(4.11) gy = By 


which is the « hamiltonian » form of the Klein-Gordon equation. 
A multiplication by q, changes (4.10) into 


(4.12) (qi 24 ®)Ys sa) Eq, Yo ve. do Va = 0. 


We may observe that with this formulation, the relativistically invariant 
Lorentz condition is replaced by the euclidean invariant expression (4.12) 
which we call the Foldy condition. The Foldy condition (4.12) implies that 
in the rest system y, = 0. 


5. — Extension to higher spin. 


The analogy between the Lorentz transformation and the general F.W.t. 
allows us to extend the definition of the latter for higher spin. 

The particle is in general represented by a tensor of the n-th rank where 
either n=s for integer spin or n=s—4 for half integer spin. In the last 
case the wave function is also a spinor of the first degree (7). 

Under a Lorentz transformation one has 


if I 
Hal << bi : 
( ) arene a aes a, Ly oe 1 


My 


where the L is to be suppressed when n=s. 


(7) W. Rarira and J. SCHWINGER: Phys. Rev., 60, 61 (1941). 
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In matrix notation 


(5.2) Pore phe De ST OST RESTO. 
n+1 factors 


The symbol Lx Z® meaning the outer product of two vectorial Lorentz 
transformations. 

The general Lorentz transformation (5.1) leads us immediately to the fol- 
lowing general definition valid for any spin 


(5.3) yp = Foy = FOxXFPVx..XFVXFy. 
n+1 factors 


Or, more explicitly 
(5.4) II ia Dia vr bee : By 3 


The same formal expression is valid for the C.T.t. but this is implicit in 
our interpretation of the latter as a special case of the general F.W.t. 

A general exponential form can be written for the Lorentz transformation 
and this is also true for the F.W.t. 

Taking the spin-2 case as an example, we have 


(5.5) He) — exp [igs® © = aretg = P ‘exp 


igS® li È i arctg LI, 


‘xp |d[d,(9S;a)s io arctg A ; 


(5.6) FO = exp tase), ds + arctg ui 
v m m 


The sub-indices 1 and 2 refer to the first or second of the vectorial indices 
of the wave function. 6, is the unit matrix with respect to the first index and 6, 
is the unit matrix with respect to the second one. 

From (5.6) we obtain 


F® — exp i i[(g8P), 6, + d. (982), |= arctg LI, 


= : = U; p 
ES = exp (n9:1(8) 0 + g91(82)a] $ arctg | ’ 


because 9-9 = 03 YI = O 


uo * 
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Using the notation @ for gg, and noting that 


(9-0) 797 = JS he = (So ’ 


we have 


, v p 
IGS? — arctg — 
7 


(pire ex 
ui P m 


In the general case, the F.W.t. that refers the particle to its rest system is 


(8) (8) Vi one p 
(9.7) ES = exp ie 19 = arctg z| à 
with 
(5.8) (BE 60a Oe ps 


n+1 factors 


where the 6 matrix must be suppressed in the integer spin cases. 


One of the authors (J.J.G.) is indebted to Prof. J. TIOMNO for many useful 
discussions on this suject. 


RAS SUN TOs (3) 


Discutiamo la corrispondenza fra la trasformazione di Lorentz e quella di Foldy- 
Wouthuysen. La estendiamo ad ogni trasformazione di Lorentz e mostriamo che la 
trasformazione definita da Cini-Touschek si inserisce come un caso speciale di questa 
corrispondenza. Mostriamo che mentre la trasformazione di Lorentz opera in uno 
spazio con una metrica indefinita, invariante per trasformazioni di Lorentz, la trasfor- 
mazione di Foldy, che qui discutiamo, opera in uno spazio avente una metrica euclidea 
positiva definita. Questa corrispondenza viene estesa a tutti gli spin. Diamo una parti- 
colare discussione per il caso di spin 1, per il quale si propone un’equazione hamiltoniana. 


C) Traduzione a cura della Redazione. 
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Contribution of Neutral Pions to Photon-Photon Scattering (*). 


MY. HAN and S. HATSUKADE 


Department of Physics and Astronomy, University of Rochester - Rochester, N. Y. 


(ricevuto il 14 Aprile 1961) 


Summary. — It is shown that the contribution of neutral pion inter- 
mediate states is as much important as electron-positron pair states 
for low energy photon-photon scattering. For unpolarized scattering 
the interference between two intermediate states is shown to vanish 
and the contribution of neutral pion states to the differential cross section 
is shown to have a sharp maximum with 1.15-107°° em?/sr at a total energy 
of photons corresponding to the pion mass. The forward and right-angle 
cross sections for two intermediate states are compared. 


1. Introduction. 


In view of the success of the quantum electrodynamics (QED) in the quan- 
titative explanation of the Lamb shift and the anomalous magnetic moment 
of the electron, it is generally believed that we have a reliable method to predict 
the behavior of electrons and photons if we ignore their interaction with other 
particles. But actually a photon can interact with any particle that has a 
charge and/or a magnetic moment; and, further, we know that a neutral pion 
decays into two photons. The existence of these interactions is expected to 
modify the result of QED, especially at energies above the threshold of the 
production of particles heavier than the electron. 

In this paper, we will report on the correction to photon-photon scattering 
due to the existence of particles other than the electron, in particular, the 
neutral pion. This process is particularly interesting because the correction 


(*) Supported in part by the U.S. Atomic Energy Commission. 
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is of the same order in the electric charge (i.e. e4) as the lowest order term 


of the perturbation expansion in QED, although the relevant corrections to 
electron-photon and electron-electron scattering are all of higher order. 


2. — Matrix element for low energy photons. 


The S-matrix element for the photon-photon scattering can be expressed as 


(1) Sri = dn + (270) (tk kg) [(2a0)216kyoKaohsokao] * My: ; 
and 
(2) =, M°°(s,t,) OR LI RIE ke. Melo ; 


where 0,, are tensors of the fourth rank that can be constructed from the 
four-momenta k,, k, and k,, k, of the initial and final photons respectively, 


and satisfy the gauge conditions 
(3) OS ky, ra ? Oka =0, ete. 
e? is a polarization four-vector of the photon with momentum k;, and M°(s,t, u) 
are scalar functions of s= (k,+ k2)?, t= (k,—%k)? and uw = (k,— k,)? which sa- 
tisfy the relation s+t+u — 0. 

Now we assume that the M°’s satisfy a double dispersion relation of the 
following form: 


| A” Bo CM 
(4) VASI ere nl ero TRE se 
Mr — 8 EROE i mr 
NT di "o +! PO u! e (a SA 
+8 gs (8 ds + | = Lo) a+ | eli ) du'+ | | CCE 2 - ds’ dt'+ 
Js'—s Jet Ju_u JJ (8-8) —#) 


vi Q he u') je fe ou! 8 à 
lia —— ie lu! | Cus Gale 
+] Ho dt’ du DI. ue e du' ds 


The pole terms are contributions from one pion intermediate states and 
residues are related to the 7° lifetime in a simple way. Indeed 


3 
5 . QM eV 92 9 (4) 
( ) => M, CURE Lu €, € € 

à (et i We : é È x 
(where My are the sum of the three pole terms) is a Born approximation to 
photon-photon scattering calculated from a local interaction Hamiltonian for 
neutral pion decay of the form fer wl op, Where f is the coupling constant, 
F,, is the electromagnetic field four-tensor and gm is a neutral pion field. 
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The contribution to the cross-section from the pole terms becomes infinite 
at s=mî corresponding to the fact that the pion mass is larger than the 
threshold of photon-photon scattering. But actually since the neutral pion 
is unstable the position of the pole is displaced by a complex quantity As. 


The imaginary part of As is related to the lifetime 7 of n° by (1) 
(6) Im (As) = “=, 
1A 


and the real part of As is negligible compared to m, because the decay is of 
electromagnetic origin. 
Thus we have the Born term of the following form: 


È | à Engso €280 


dia Eroe: 3°: so Évage |, 
mì — 84 i(m_Jt) - mit + im.it) © m—u+ti(m,|t) 


(7) Mi fa EuvapEigos |, 


eve UT ITA 

The lower limits of the single integrals in eq. (4) are (3m_)? if we retain only 
the contribution of the order ef. Therefore at low energy these terms can be 
neglected. In the same approximation the contribution of strongly inter- 
acting particles to the double integrals starts at (2m_)? and below this point 
the contribution comes only from two-electron and two-muon states, which 
‘is just the contribution from fourth order perturbation diagrams with electron 
and muon internal lines. 

Therefore for incident photons with energy not too much larger than half 
the pion mass in c.m. system, the main part of the matrix element consists 
of two parts: pion pole terms M_ given by eq. (7), and the contribution from 
the electron square diagram M, which was calculated by KARPLUS and NEU- 
MAN (?). The main feature of their result will be compared with pion pole terms 
in Section 4. 


3. — Differential eross-section. 


The cross-section for the unpolarized case can be calculated from the matrix 
element obtained in the last section using the following well-known formula: 


Koka 
[1° Ks| . 


ikea 
(8) Go (Ory: Jade ao + hy — hy — ka) S| M+ Mel, 


pol 


(1) S. DesER, M. L. GoLDBERGER, K. BAUMAN and W. THIRRING: Phys. Rev., 96, 
774 (1954); see also P. T. MarrHpws and A. SALAM: Phys. Rev., 112, 283 (1958); 
115, 1079 (1959). 

(2) R. KarpLus and M. Neuman: Phys. Rev., 80, 380 (1950); 83, 776 (1951). 
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where the summation is over polarizations of all photons. First we shall show 
1 had n ic 4 Di AVI 4 aj 

that the interference term Re(M_M°) vanishes for unpolarized scattering, 
and hence that the cross-section can be expressed as a sum of two terms 2.e. 
the contribution from one-pion state do, (*) and that from the two-electron states 
do,, where do, and do, are obtained from eq. (8) by replacing MAM Dy. 
M_ and M, respectively. 

For this purpose we use the following property of M: if a tensor of fourth 
(k,, ky, ky, k,) is defined by 


39 ra. 
rank G,,a0 


Eee PCH APIA GY as È , A n 
(9) M, ws En E, € €, Giwag hy) k,, ks; k,) 


it consists of terms which are proportional to k,,k,,k,,k,,, with 1, 7, l, m— 1, 2, 
3, or 4. Using eq. (7) and (9), we have the following expression for the inter- 
ference term after summation over polarizations: 


x ay € E2000 Endaw Evo Bo 
(10) YRe(M,M})=Ref:|__-_ Tee LE ee + 
poi mi—-s+i(m_Jt) Mmi—t+i(m.lTt) 
ExonaE yi 
poxo vio : a, n ala 
* £a Rp R2o Kao À pig = 


2 . a 
Mr — U + (m,/T) 


Therefore, due to the above-mentioned property of G,,,, the interference term 
can be broken up into terms each of which has a factor of the following form: 


( 11) Ewaw Kin Ky k k ki k I 


mo 3 co 


k 


aa bo [oop ap i 
The expression (11) vanishes due to the antisymmetry of e,,,,,, if any two of 
the (ijab) are the same or if any two of the (med) are the same, and all the 


remaining terms are of the form 
‘> ” n n . 2 
(12) Shireen h 2 Kay Kae] ’ 


which is also zero. This can be seen most easily in the center-of-mass system, 
where k, = — k,, k, = — k, and all the photons have the same energy ©. The 
expression in the bracket in eq. (12) consists of terms of the form 


(13) Euro highs, by © = Ob-(k xk.) = 0. 


J 


(*) Note added in proof. — After submission of this paper, we learned that a simi- 
lar result for do, was obtained by V. N. Oranvskit: Zurn. Eksp. Teor. Fiz., 39, 1049 
(1960); JEPT, 12, 730 (1961). 
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The last step follows since we have only two linearly independent three-momenta. 
This completes the proof that the interference between pole term and square 


diagram vanishes after the appropriate polarization summations. 


The calculation of do_ is straightforward. From (7) we have, after sum- 


mation over polarization 


(EM MIR) 44, 


pol 


AREA)? 


AUX x k,)! a 


+ Re (M,M;)(k,:h,)? (k,-K,)2 + Re (M,M*)(k,-h)* (kt)? + 


+ Re (M,M*)(k,-k,) 


where 


f2 


ML 
Se a ae 


and likewise for M, and M,. 
In the center-of-mass system, we have 


Roi 200" 
k,-ks = w?(1 — così), 


ki" ka = w?(1 + così), 


where 0 is the scattering angle. Therefore we obtain for do_/dQ 


do, ENTO (1 — cos 0)" (1-4 cos 0)! 


5 e: n = = 
a?) dQ 2%(27)2 mi |F2 +7? Gia de 702 ORI RE 


4(1— cos0)2(FG4 12) 4(1 + cos0) (FK +1") 


| 


2 (k, . k,)? 


(1 — cos? 0) (GK + P2)) 


PDG © ryder e+e +1) 
with 
4 ; 20? 
F=—,-1, G=14<(1- così), 
mi, Mi 
20? 1 


(14 così), and = —. 
MT 


The coupling constant f is related to the lifetime 7 of 7° by 


ib ee 
(14) T mi DT 
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(4 v'A + 4 j 1 ds ¥ 1 
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10" SA ; Le The experimental value (*) of t= 
no =2.2-10-! sec. then gives 
dsè 
12 
hi mf =1.5-10-. 
cei ‘if 
WE 7 a a 
Ÿ pce i ; 
PS, 4. — Discussion. 
10° N 
To see the relative importance of 
10° do_/dQ and do,/d@, the values of these 
CR AT VA terms at 0 — 0° and 90° are plotted in 
VER eer rt y, Fig. 1. In the low energy limit (o<m,) 
both terms are seen to tend to zero as 
est 6 and the ratio is 
1073 2 @=1/2 
© — 
1 ESE 1 =, y \ 
Teme 10° 05 1 (15) do, /do. _ a cme: 
i dQ/ dQ mf — 


Fig. 1. — Differential cross section for un- 
polarized photon-photon scattering (cm - 4 , 
system). The unit is 10-! cm?/sterad; Showing dominant contribution from 


the unit of energy is m,c?. electron-positron pair states. In the 
neighborhood of w=m,/2, however, 
there is a sharp resonance of do_/dQ whose maximum value is 


do Mm fe 2 /m_\2 : k | 
at) (o) ( Th) 119-100 emer 


and whose width at half-maximum is 1/27. These numbers that determine the 
shape of the resonance are related to the imaginary part introduced in the 
denominators of the pole terms, and the sharpness of the resonance reflects 
the fact that the lifetime of x° is relatively long in nuclear time scale. It may 
be compared with the maxima of do,/dQ which were given by KARPLUS and 
NEUMAN (?) to be 4.1-10-%: cm?/sr for 0 — 0° at 1.75 MeV and 2.8-10-31 cm2/sr 
for 0 — 90° at 0.7 MeV. 


We are greatly indebted to Professor E. C. G. SUDARSHAN for useful dis- 
cussions. 


(*) Proceedings of the Tenth Annual Rochester Conference. (New York, 1960). 
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RIASSUNTO (*) 


Si mostra che il contributo degli stati intermedi del pione neutro è altrettanto 
importante per lo scattering fotone-fotone di bassa energia che gli stati della coppia 
elettrone-positrone. Per lo scattering non polarizzato si mostra che l’interferenza fra 
due stati intermedi si annulla e che il contributo degli stati del pione neutro alla sezione 
d’urto differenziale ha un massimo netto di 1.15-1(-?* em? sr per una energia totale 
dei fotoni corrispondente alla massa del pione. Si confrontano le sezioni d’urto in 
avanti ed ortogonali per due stati intermedi. 


(*) Traduzione a cura della Redazione. 
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Diffraction Scattering of Elementary Particles. 


P. T. MATTHEWS and A. SALAM 


Department of Physics, Imperial College — London 


(ricevuto il 21 Aprile 1961) 


Summary. — The diffraction scattering of elementary particles is discussed. 
It is pointed out that there is a possibility of charge exchange diffraction 
scattering, except when it is inhibited at very high energy by the 
Pomeranéuk theorem (1). The notion of inelastic diffraction scattering, 
recently discussed by Goop and WALKER is reformulated in relation 
to the field theory of unstable particles. 


1. — Introduction. 


The following remarks on the diffraction scattering of elementary particles 
have been provoked by experiments on elastic scattering currently being per- 
formed at CERN. We shall ignore below all consideration of spin, since they 
are not essential to our argument. 

The quantum theory of diffraction scattering was first given by BETHE 
and PLACZEK. To emphasize that the argument depends essentially only on 
the unitary condition, and can thus be applied directly to elementary particle 
scattering, we reproduce it in a slightly modified form in the next section. 
We use covariant normalization to ensure that no energy-dependence is hidden 
as mass factors in the usual non-relativistic treatment. 

In Section 2 we discuss the possibility of charge exchange (or semi-elastic) 
diffraction scattering, and its relation to theorems of the Pomeranchuk type. 

In Section 3 the possibility of inelastic diffraction scattering suggested by 
Goop and WALKER (2) is directly related to the theory of unstable particles 
recently proposed by ourselves (°). 

(*) I. PomERANCUK: J.E.T.P. (U.S.S.R.), 34, 725 (1958). 

(?) M. L. Goop and W. D. WALKER: Phys. Rev., 120, 1857 (1960). 


(8) P. T. Matruews and A. SALAM: Phys. Rev., 112, 283 (1958); 115, 1079 (1959). 
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2. — Diffraction scattering. 
The scattering matrix S is related to the T-matrix by 
(2.1) Sip = di + (200)41 6(P;— P,) Ti, , 
where P is the total energy-momentum vector of the system, and the suffices è 


and f denote the initial and final states, respectively. The unitarity con- 
dition on S implies 


(2.2) 2 lm 2 —T2r)A OP; — PITT. 


Consider the barycentric system at energy H. Let « denote a two particle 
channel and @ the scattering angle (spin zero particles). Then 


(2.3) DIARIO CIA T(E) IEEE RE CIANO 


«Ka, L| T(2x) 0(P;— Ps) Tt |l, a><a, lla, 0), 
where |/, «> denotes a particular angular momentum state for the x-channel and 
(2.4) ‘a, O|B, D == dg V21-+ 1 P(cos 0) . 


For large H, due to the increase in phase-space for many particle states, the 
amplitude 7 is almost purely imaginary (*). Thus, approximately, 


(2.5) CE se Lr GH yx. 
Also 
(2.6) Xl, «| T(2x)* 0(P;— Ps) T* a, D = 0, (L)4p B/(21+1), 


where p is the relative momentum in the c.m. system of the «channel. Now 


do. o 
(2.7) a = (sa) |Ka, 0|T|x, 0>|?. 


Thus the differential cross-section for elastic scattering is 


d el i À "To 7 V8 9 
(2.8) To = (È) | pot" (E) Pi(cos 8) [2 


(3) H. Lenwann: (to be published). 
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From geometrical considerations we expect 


; 27 > 
(2.9) oi°(E)= (5) (21+1)a(£) , 


where 


a,(E) < ih 1 


and a,(Z) depends only weakly on both # and J. Substituting (2.9) into (2.8) 
we obtain 


E 1 
(2.10) sa EE pe [> (+ 3)a,P:(cos 6) |? 
l 


This formula, as it stands, is trivial. The crucial equation is (2.9), which 
relates the elastic amplitude, a,, to the total cross-section, through the uni- 
tarity condition. 

If in (2.10) we replace the sum over J by an integral over impact para- 
meter, b, and use the relation, valid for small 6, 


(2.11) +4) = pb, P (cos 0) = J(pb sin 6) , 


(2.12) 


è | Ja, Jo (pb sin 0b db I 


This is the well-known diffraction formula. For the «black sphere » approx- 
imation 
Ap = al , b < R 4 


a,=0, b>R, 


do _|R-J,(pRsind)|: 


dQ sin 0 ‘ 


giving the standard diffraction peak, with first minimum at 


(2.13) toe 
4pR 


This relationship between the width of the diffraction peak and the radius of 
interaction is approximately true for any particular assumption about a,. In 
terms of the covariant momentum transfer the main diffraction peak is toad 
for values of 4? such that A?<A*®, where A a 18 directly related to the least 
mass, which can be exchanged by the particles. 
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From (2.10) 


(2.14) oh = — (21+ 1a’. 
p 

Thus 

(2.15) FulFro = 4/2. 


Taking an average value of the significant a, (l< 1 to be a, where 


max ) 


pk = lowe ? 
then 
1 ax 
> (2241) = p?2h?. 
Thus (°) 
On) Ora = a/2 ’ 
and 
Gane 
eee 
ATCO a 


The factor a, as it appears in (2.10) can be written in terms of a complete 
phase shift 


(2.16) d= ati, B> 0, 


1 — exp [210] 


Dad Oy, = 
(2.17) | 


(5) For example at 24 GeV/e (lab) p-p collision 
Gey TAO. 


Orot 242 mk . 
giving 
a=}, 


Rael NO" ern à 
For x--p collisions at 16 GeV/e (lab) 
Oe 2 4.5 mb, 


Ono, 225 mb , 
giving 


Gos 


CARS 


R =1.0-10-1% em . 


(These data are preliminary results privately communicated by Dr. B. FRENCH). 


9 - Il Nuovo Cimento. 
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The «black sphere » approximation is to take f large (e 8 <1) for those values 
of | with impact parameters corresponding to hitting the target. Experimen- 
tally, however, the elementary particles are very far from being black spheres (5), 
and the appropriate approximation is (2.5), which is satisfied if x is small. 


8. — Semi-elastic diffraction scattering. 


Consider the scattering of systems (such as p-n or x-p) which are mixtures 
of isotopic spin states. Then we may have either elastic scattering or charge 
exchange scattering, which we shall refer to as semi-elastic. Making an iso- 
topic spin analysis, for these particular initial and final states, 


GITID = 2 FI DL,d| 


I 


(321) 

ST, 

I 

where 
(3.2) DI eta 

I 
Then (2.10) is replaced by 
LE do; ges : 
(3.3) "o = —|> (1+ $) Daf'a;Pi(cos0)]®. 

= p I x 


If al is independent of J, that is to say, if the total cross-section is the same 
in all isotopic spin states, this term can be taken outside the summation In 
this case, by (3.2), the semi-elastic diffraction scattering vanishes identically. 
However, in general, there is no reason for this to be the case and one would 
expect a sizeable amount of semielastic diffraction. 

This implies, for example, an appreciable amount of charge exchange, (ce), 
diffraction scattering in p-n collisions. Assuming one can average similarly 
over [-values in the two ?-spin states the diffraction cross-section in terms of 
the i-spin amplitudes are in the ratio 


Ove es | Uy — di ta 


a aa 


In the «black sphere » limit, (a, a, ~ 1), the ratio is vanishingly small, but 
as mentioned above, this is found experimentally not to be the case (5). The 
same formula also applies to K°-p collisions, for which the charge exchange 
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diffraction might again be appreciable. In both cases the mechanism could 
be important for producing neutral beams. 

An exception to this argument is the case of z-nucleon scattering, where 
the Pomeranchuk theorem (!) implies that 

03° — a," 
at high energies. From the work of von DARDEL (7), it appears that this limit 
is reached at about 3 GeV energy (c.m.). An observation of the energy de- 
pendence of charge exchange scattering would provide an interesting check 
on these results. 

Another exception is the case of semi-elastic diffraction scattering of 0} 
(where the mixture is of strangeness rather than J-spin). Here again a Pome- 
rantuk theorem relating ox y and oz y implies that in the Pomerantuk energy 
limit the effect observed by PICCIONI (*) and collaborators should disappear. 


4. - Inelastic diffraction scattering. 


Finally we would like to reformulate an idea put forward by Goop and 
WALKER (2); and relate it to the theory of unstable particles recently proposed 
sya Us: (Ce) 

Let the complete renormalized Feynman propagator of the diffracted par- 
ticle be 


o(x?) erp Lipa} 


(4.1) A(x) = à <T(p(2), 9(0))), = (27) po a == dp - 


= wo e(p?) exp [ipa] dtp . 


The Källén-Lehmann (#) spectral function is 


(4.2) op) > |<0]g]p, 


(6) G. Cocconi, A. N. Dippens, E. LiLLETHUN and A. M. WETHERELL: Phys. 
Rev. Lett., 6, 231 (1961). 

(7) G. von DARDEL, D. H. FriscH, R. MErMoD, R. H. MILBURN, P. A. Prrovs, 
M: Vivarcent, G. Wæger and K. WinTER: Phys. Rev. Lett., 5, 333 (1960). 
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where the summation is over all states congruent to the diffracted particle 
with total four-momentum p. We define 


ep?) =|<O|p|p, |}, 


where |p, è) is a particular type of state with the nature of the particles spe- 
cified. If the diffraction scattering of the particle mass m, off a particle, M, 
at c.m. energy U, and covariant momentum transfer /?, is given by 


1 
(cada n= 


abe | F'( U2, A, w?) |? 6(@? — n?) 0(w'? — M?): 


dim dito’ 


-(277)46 : 
( n) (P; TE) (27)? (271)? ‘ 


(m) (mM) M) Ka 


(M) (M) (M) (M) 
a) b) 


Fig. 1. - If (a) is the matrix element for diffraction scattering, eq. (4.3), then (b) is the 
matrix element for inelastic diffraction giving rise to eq. (4.4). 


then the cross-section for inelastic diffraction, with the appearance of par- 
ticles + in the diffraction peak, is, (see Fig. 1), 


it 
a) do; = flux pCO? A GA) TAKE 
nL ere 
Bros 6 — a — ka) AY (hy) A4(k2) dés dks è (0° — p*) dp? - 
dim 3 re Le x di’ 

‘Ca 0(m'2 — M?)(22)40(P; — P,) on 

where 
A*(k) = O(ko) d(k*— m2) , 

and 


VERI) 


is the vertex part corresponding to the « decay » of the diffracted particle 
ito. ©) into the state (7), (two particles k,, ky). We have ignored the 
possibility of final state interaction between the i-particles and the rest of 
the system. Now it has been shown by us (*) in connection with the decay 
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of unstable particles, that this is just 


Il 
(4.5) das Me F(U?, A?, w?) 0;(w?) Ô(w? — p?) 6(w'? — M?)- 
COU sans 


(27)? (270)? 


2 


-(27)* d(P,— P,) 


Summing over 7, we have, for the total inelastic diffraction o 


in? 


2 


. dda / don i | #( U2, 42, m?) 
" dA?/ dA2dp? ~ | F(U?, A, p2) o(p?) [2° 


(4.6) 


Since it may be assumed that F does not depend critically on p?, we see that 
an investigation of inelastic diffraction scattering amounts to a rather direct 
observation of the spectral function in the continuum region. 

The factor # is appreciable for values of 


(4.7) AREA? 
The maximum value of p? in this region is determined by the relation 


p? + m + 2M? + A 


ee) 
a caz : 


ae TOA 


(48)  A2U2|1 


(p? + m? — 2M?+)(p? — m?) MP 


UE 
© x 
Thus for large U?, in nucleon-nucleon €? RE 
collisions for example, a 
2 
(4.9) = pret 
7 pi N32 4 
5 RN WA o 
p° m° 


a) 
where N is the nucleon mass and 4, Fig. 2. — Schematie plots of o(p?) for, (a) 
is of the order of the pion mass. unstable and (b) stable particles. The shaded 
areas determine, for (a) the characteristics 


This sets the upper limit on the value : ; Did À 
of decay, and for (b) the inelastic diffraction. 


of p? for which one may expect ine- 
lastic diffraction scattering. 
Schematically what is happening is rather clear. The o factors of stable 
and unstable particles are as shown in Fig. 2. By studying the mean mass 
and mass spread (life-time) of the decay products of unstable particles we 
investigate o(p°?) for values of p? in the neighbourhood of the mean mass. In 
inelastic diffraction a stable particle is produced in a mass state corresponding 
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to the continuum and one can, in a closely analogous manner study the spectral 
function 0(p?) in the lower regions of the continuum, the upper limit on p? 
being set by (4.8). 


RIASSUNTO (*) 


Discutiamo lo scattering di diffrazione delle particelle elementari. Facciamo notare 
che c’è la possibilità di uno scattering di diffrazione con scambio di carica, salvo quando 
esso sia proibito ad altissime energie dal teorema di Pomeranéuk. In relazione alla 
teoria di campo delle particelle instabili, riformuliamo la nozione di scattering di diffra- 
zione anelastica, discusso recentemente da Goop e WALKER. 


(*) Traduzione a cura della Redazione. 
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On the # -3e Decay as a Test of the Applicability 
of the Perturbation Expansion in the Theory of Weak Interactions. 


J. NILSSON (*) 
CERN - Geneva 


(ricevuto il 21 Aprile 1961) 


Summary. — As a test of the applicability of the perturbation expansion 
in the theory of weak interactions the u +3e decay has been considered. 
The weak interactions are given in the usual current x current form 
including quadratic terms like (ev)(ve). The best value so far available 
for the branching ratio uw —3e/u —e+v+yv then requires a cut-off at 
90 GeV to make the theoretical predictions compatible with the experi- 
mental findings. This cut-off is in agreement with the cut-off obtained 
ing —e—+y decay discussed earlier by Ioffe. 


1. — Introduction. 


Several authors (1) have lately raised the question of whether the pertur- 
bation expansion in the theory of weak interactions is legitimate or not. As 
the coupling constant for weak interactions is not dimensionless the weak 
interactions grow with energy, as was first noted by HEISENBERG, to become 
strong at an energy of the order of magnitude of 10% GeV, unless somehow a 
cut-off is acting before this energy range is reached. This is so because the 
dimensional character of the coupling constant leads to a cut-off-dependent 
expansion parameter in the usual perturbation expansion. Therefore, if no 
cut-off is present the contributions from higher order terms in the expansion 
become essential and results obtained from lowest order calculations are not 
reliable. On the other hand, if there is an effective cut-off below the critical 


(*) On leave from the Department of Mathematical Physics, Chalmers University 


‘of Technology, Gothenburg. 
(1) B. L. lorre: Proc. of the 1960 Ann. Int. Conference on High Energy Physics at 
Rochester, p. 561; L. B. Okun: Proc. of the 1960 Ann. Int. Conference on High Energy 


Physics at Rochester, p. 743. 
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energy range, we face a situation within the theory of weak interactions similar 
to what has been previously found in the theory of strong interactions, that 
is, the interactions have some kind of form factors although in the weak inter- 
actions these form factors become important at such a low energy that the 
weak interactions have not yet become strong. In view of the near equality 
of the renormalized coupling constants in B- and u-decay it is generally believed 
that the latter alternative is correct. 

A first step towards better understanding of these form factors is to inves- 
tigate at what energy the interactions are effectively cut off. In order to avoid 
the complications from strong interactions it is most appealing to deal with 
processes where only weak and electromagnetic interactions are present. In 
this way one has been led to investigate the different decay modes of the 
u-meson. The different modes that can contribute to the u-meson decay are 
obviously depending on the type of weak interaction Hamiltonian one adopts. 
There are mainly four different schemes presently discussed (1). We shall here 
adopt the scheme where the lepton interaction is given by the following Hamil- 
tonian 

G 


(1.1) Hi ded, 
V4 


where G denotes the unrenormalized weak interaction coupling constant and 
the current J, is defined by 


(1.2) Ta Wella (14 Ys) Py Pi all + Psp 


It should be noted that within this scheme quadratic terms of the type (€y) (ve) 
are included and only one kind of neutrinos is allowed for. This scheme is in 
excellent agreement with the experimental findings and has many appealing 
features as compared to other possible schemes. 

The cut-off value is further de- 
pending on how the cut-off is intro- 
duced in theory. We shall here apply 
the Feynman regularization of the 
propagators (?). 

The first u-meson decay investi- 
gated along these lines is the u + 
+>e-+y which can occur according 
Fig. I. — Feynman diagrams for the to the Feynman graphs of Fig. 1 

u-e+ty decay. within the scheme adopted here. 


9 a x TRREP | ar RU n Fi 
(*)S. 5. SCHWEBER, H. A. Berne and F. DE HOFFMANN: Mesons and Fields, 
vol. I (Evanston, Ill., 1956). 
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From these diagrams IOFFE (*) obtains the branching ratio 


Wrest 2 ; l 
(ES) Very => e2(f2 A: im b 


VERA Mi, 


The experimental upper limit for this branching ratio is given by 2:10 from 
which follows as an upper limit of the cut-off A 


À < 50 GeV. 


We shall in this paper investigate the 1 +3e decay, which in the adopted 
scheme can proceed through the following graph 


e+;93 


Fig. 2. — Feynman diagram for the yp —3e decay. 


Throughout the calculations we shall use notations in accordance with 
reference (2). In a forthcoming paper the analysis will be extended to other 
processes which can possibly give information with respect to the cut-off in 
the theory of weak interactions. 


2. — The S-matrix element for the u->3e decay. 


The appropriate part of the weak interaction Hamiltonian for the process 
studied here is given by 


G nT DONNE STE ar x AT 
(2.1) He a 172 [ZE y, Pl no ae yt" Wy Py Lae ’ 


where we have introduced the abbreviated notation /),=y,(1+y;). It is con- 
venient for explicit calculations to rewrite this Hamiltonian by means of a 


RDA MOREL Zurn. Eksp. Teor. Fiz., 38, 1608 (1960). 
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9 
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Fierz transformation in the following way 


(2.2) Hr [VoL wu Tp + PL PT y] - 


+ 

We obtain the S-matrix element from this Hamiltonian by standard methods. 
To avoid the quadratic divergences which appear we introduce a cut-off in 
the theory by a Feynman regularization of the neutrino propagators, that is 
by the following replacement 


k 
k2 


A3 
: Jaz 


0 


k= yi" Ky» 


[ke — AP 


With the notations from Fig. 2 we then obtain after integrating over all dummy 
variables except k, 


G 41 3 mim z 
n - di i ? dial 22 -È Pie 
1 Oni OP — 24) rio] 


AE A2 


(2.8) Sees = 


a 


| do | dA; | aki" (qy) Lu (p) (4) 40d) 


‘ nn iii fees ©, 
ke AR” (ee okay — DAR 


[aval 
J 


The S-matrix element has been antisymmetrized in the final state electrons 
as required by the Pauli principle (4). Noting the following properties for the 
helicity projection operators 


HI +) = HE y);  H1+y)1—y)=0 


and that the y;-matrix anticommutes with the other y-matrices we can write (2.3) 


PENARE (o Mr 5 Ot T4) MM y si aq)" u'(p)- 
2V2 (2% i  [E(Q)E(G Lr ) E(p) 
A? call 
Tr [yl y pyalu (ds) Io" (Q of Jor, fur fa [ke Sa DI 


KP ERA 
E + 2k — p) + —pr—zp BOS 


(*) N. N. BogoLIivBov and D. V. SHIRKOV: Introduction to ti 
ve Theor tiz 
Fields (New York, 1959), p. 259. ss 
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We shall first carry out the integrations and denote the integral in (2.4) by 


12 12 


i F di 0 Bug Abe 
(2.5) It = ja] di, [a [ke La —— » — = A grida ui e Z 
; } 


k? — Ax]? [k? + 2%k(4,— p) + (4 — p)?— Ap)? 


The k-integration is most easily performed after a Feynman parametrization 
of (2.5), that is by observing the following identity 


ab 


where possible singularities are avoided by a detour in the complex ¢-plane. 
In this way we obtain 


At A? 1 
(256 ae = [aa, far, faz-6=1 IA 
eo 
fox i LE | <a 
{[k + (qi — pe + (% — p)?2(1 — 2) + (A, — A) 2 — Aa} 


Introducing the new variable k'=k-+(q,—p)e and exploiting the symmetry 
properties of the integrand we arrive at 


A? 


A? 1 
(2.7) r= Jar, Jar.) ge(ze—1)- 
; x : 


0 0 


VEO) ge pee — EA A E 


gi 2e(1— 2)(ar— pdf p°) 


Neglecting the second term as it does not contribute to the highest order term 
in the cut-off we remain with 


1 
Be a 
(2.8) Lord face fa In A — (a —p}ei—+ 
0 
A?2 — (q, — p}2(1 — 2) 
— — p)?(1— 2) In ————— - 1. 
E ce 


4 


AG — 2) — = pe =), A — 2) — (= phe = 9 


= KE 


2 A? — (q, — p)?2(1 = 2) 
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after the J-integrations have been carried out. If we neglect terms of the 
order (q,— p)?/A? we get 


(2.9) I=- Arg. 


Inserting this in (2.4) we finally obtain 


n A 3 I 
IT GT , 3 mem y 3 


~ 8/2 (2x) \P 20 lp ) [7 E(q,) E(4») E(4s) E(p) 
-{9°PA3-[M(%, qo) — M(42,4)}}» 


(2.11) Mg, de) = 4 (4) Tp) Tr [y, Lys val U( Sie Cee 


3. — Calculation of the transition probability. 
If we define a matrix .# by 
S = 6(P,;—P,)4, 


with P, and P; denoting the four-momentum of the final state and the initial 
state respectively, then the transition probability per unit time can be written 


P= 5 > |cfl@||0(P,— P). 


The summation here stands for integration over the final state three-momenta, 
averaging over initial spins and summation over final spins. With (2.10) we 
therefore, obtain 


, ae e na a 
CER Ga 198 CAs fara fata fees — = DI qi) 


mi My 
E(q,) E(4 YEG. )E(p) 
GET ES {M (a1, de) M+(Q, ds) — M(4,, de) M+Qe, Qi) — 


spins 


TA M(%, qi) M* (4 , 42) at M(Q,, Q,) M nal (ise 4) } , 


where 


DM (at, ds) Mt (91, da) Tri” A,(p)P°A+(q1)] Tr [T7A_(q) "A, (99)]- 


pins 


Try, LY Val Tr lye ye LoVe) à 
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> Un, 4) Me, G) =— Tr "As (p) FAs (qe) A_(9) LA; (q)]: 


spins 


‘Try I, Ve val Tr ye ve Len] « 


For convenience of writing we have denoted the energy projection operators 


The third and fourth terms of (3.1) are obtained by the replacement q,<> 4 
in the first two terms. After the trace calculations are done we remain with 


3 
al fra fau Or ~ 24: 


a (pd) (4143) + (P41)(429s) + È 2(P43) (4%) 


E(q) E(4») E(4) E(p) 


This expression holds in any Lorentz frame. We shall evaluate the transition 
probability per unit time in the muon rest frame, where (3.2) takes the form 
RICA è 
= 3 3 3 = 4 3 A pù 
(3.3) Lis = On al fo a [a a. [a Q3Ò(M, DETTE (291) 
a 241°: Gi ds d'a: | 
Uo Bq) Bd) Bd) EQ) B(d2) B(da)$” 


or due to the symmetry in q,, q. and gg 
A) {GA a 3 
(3.4) LES En (a)? (| | “a ‘da farò (ma Ÿ BU ) 
3 qi Qe | 
(Sa) fi ae] 
(299 (sara 


If we neglect terms of the order m,/m, and perform the q; integration by means 
of the three-dimensional éd-function we obtain the following result 


(3.5) Pow = (EAT fase [a2q,0[m, — DEM] — cos6}, 
; FE ora aed ee be 
where g; now stands for the length of the vector q, and further 


ds V{qi + q2) i 


709 


2 


149 J. NILSSON 


The angle between q, and q, has been denoted by 0. Introducing spherical 
co-ordinates one has 


8 [GA È 
CORRE SE 


(22)? | V2 =) fau dat atcos 0)d[my ~ DE] — così}. 


To carry out the g,-integration we make use of the remaining ò-function. We 
have in general 
1 


Jolene) dx = ETA (Lo) ; 


where x, is defined by œ(x,) —0. In our case we have 
(3.7) (42) = m — Gy — G2 — VA + 3 + 24,4 COS D . 
This function of q is zero for 


(3.8) nes x, My(My To 241) 
2 My — (1 — così) È 


and we get 


) oe) HAG Y — 2y(m, — 9) 
\0% a=a, 2y(my — %) —& 


(3.9) 


1 


where we have introduced 


y =m, — (1 — cos 8) , 
x = m,(m, — 29). 


If we introduce y as a new variable of integration we can write (3.6) after the 
g-integration has been carried out 


M11 /2 m 


: LI GA ", o[2Qy(m, — 9,) —«|(m,— ¥) 
(3.10) jie È Al fa «ay de ee 
e apra] Je Ja y' 


) 


0 m u—2a, 


or finally after the remaining integrations are performed 


3 1 {GA} 
3.11 = af! 
a Tom pia va] i: 
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4. — Comparison with the experimental results. 


Experimentally, an upper limit of the branching ratio for the muon decay 
into three electrons as compared to the normal mode of decay [u —e-+v+5] 
has been determined (5). The transition probability per unit time for the 
latter decay is given by (°) 


Gm? 


(4.1) 


iG IE 
Pye eee OT) 


From (3.11) and (4.1) we obtain the following theoretical value for the 
branching ratio 


cv ATA 
( .2) 2th 25674) 
or inserting 
ie | 
CARE: m, = proton mass, 
202, I 
mi 
(4.3) LOI 
a no 6474|m, 


With the upper limit tor tnis branching ratio experimentally determined to 
be B,,,< 105 we obtain for the cut-off 


A<90 GeV. 


5. — Conclusion. 


The upper limit for the cut-off obtained in this study of the muon decay 
into three electrons is in agreement with the result for the cut-off entering the 
u->e-+y as calculated by IoFFE (1). Earlier calculations of the 4 > 3e decay 
by IoFFE gave considerably higher values for the cut-off. That is due to the 
fact that IoFFE considered more complicated diagrams in order to avoid the 
self-coupling of the weak interaction currents. There is, however, no contra- 


(5) R. R. CRITTENDEN and W. D. WALKER: preprint. 
(6) E. J. KoxnoPINSKI: Ann. Rev. Nucl. Sci., 9, 148 (1959). 
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diction so far to the scheme including these self-couplings, although the exper- 
imental material regarding the existence or non-existence of them is admittedly 


very meagre. 


The author is indebted to Professor R. E. MARSHAK for many helpful dis- 
cussions and for proposing the study of weak interactions at small distances 
of which this is the first result. It is also a pleasure to acknowledge the kind 
hospitality at CERN. 


RIASSUNTO (*) 


Come controllo dell’applicabilità della teoria delle perturbazioni alla teoria delle 
interazioni deboli, si è preso in considerazione il decadimento u — 3e. Je intera- 
zioni deboli sono espresse nella forma usuale corrente x corrente, compresi termini 
quadratici come (ev)(ve). Il migliore valore, sinora disponibile, per il rapporto di 
branching u — 3e/u —e+v+v, richiede quindi un cut-off a 90 GeV per rendere le pre- 
dizioni teoriche compatibli con le risultanze sperimentali. Questo cut-off è in accordo 
con il cut-off ottenuto nel decadimento u —e+d, precedentemente discusso da Ioffe. 


(*) Traduzione a cura della Redazione. 
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A Time-Dependent Approach to Rearrangement Collisions (‘). 


A. RAMAKRISHNAN, G. RAMACHANDRAN (*) and V. DEVANATHAN 


University of Madras - Madras 


(ricevuto il 27 Aprile 1961) 


Summary. — A time-dependent theory of rearrangement collisions is 
presented which forms a simple generalization of the well-known scattering 
theory. The S matrix is obtained for such processes and it is found that 
the matrix elements appear in forms similar to those of scattering theory. 
As an illustration, some elementary applications are discussed. 


1. — Introduction. 


The S-matrix theory of scattering (15) is concerned with the transition 
from an initial state of a system of particles to a final state of a system con- 
sisting of particles of the same type as in the initial system. This is a particular 
case, though an important one, of a more general class of phenomena. When 
two systems of particles (nuclei, for example) collide, they often give rise, after 
collision, to systems which may comprise nuclei different from those of the 
initial system. Such collisions are referred to as rearrangement collisions or 
collisions leading to reaction channels. It is the purpose of this paper to sug- 
gest a simple generalization of the usual S-matrix theory to include rearran- 
gement collisions. 


(*) Read at the Annual Low-Energy-Physics Symposimu (1961) organized by the 
Atomic Energy Commission in Bombay. 
- (**) Junior Research Fellow of the Council of Scientific and Industrial Research 
(India). 
(1) B. A. LipPMANN and J. SCHWINGER: Phys. Rev., 79, 469 (1950). 
(2) M. GELLMANN and M. L. GOLDBERGER: Phys. Rev., 91, 398 (1953). 
(3) C. MaoLLER: Kgl. Danske Vid. Selsk, 28, No. 1 (1945). 


10 - Il Nuovo Cimento. 
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Such processes have been described in great detail (*) using a time-indepen- 
dent approa chand some attempts (5) have also been made to develop a time- 
dependent theory which has claimed attention (°), for example, in connection 
with the problem of exchange scattering. Low (7) has prescribed the form 


(yr, yp?) of the scattering matrix for rearrangement collisions. The present 
‘ 


generalization leads exactly to the above form and is also in agreement with - 


the work of LIPPMANN (5) and SUNAKAWA (5). 

In dealing with collisions between parts of a many body system, we are 
asking for transition amplitudes from states describing the initially separate 
parts to states corresponding to finally separate parts which are, in general, 
different from the initial ones. Or using the terminology of scattering theory, 
we seek a transition matrix connecting states described in an interaction re- 
presentation referred to the initial system to states in an interaction repre- 
sentation referred to the final system. By interaction representation we mean 
a description of the system with the time-dependence removed associated with 
a specified pair of free parts; and if the Hamiltonian of a system could be split 
as a sum, in more than one way, into parts corresponding to a pair of free 
systems and the interaction between them, it becomes possible to define dif- 
ferent interaction pictures for the description of the system. 

The temporal development of the state of a system is usually described 
independently of the initial state by regarding the evolution as the unfolding 
of a unitary transformation. It is of interest to observe the relationship be- 
tween such unitary operators in different interaction pictures and to study 
the properties of that class of operators describing the time-development of 
the system from one picture to another. This is done in Section 2. 

The S-matrix for rearrangement collisions is defined in Section 3 and the 
adiabatic hypothesis prescribed. The matrix elements appear in forms similar 
to those met with in scattering theory and provide agreement with LIPPMANN 
Low and SUNAKAWA. In Section 4 we consider some examples. 


2. — Transition operators for multichanneì processes. 


Consider a system whose Schrodinger equation is given by 


410) 
€ 


(2.1) th Mi 


(4) A. M. LANE and R. G. THomas: Rev. Mod. Phys., 30, 257 (1958); where further 
references can be found. 

(5) H. EKSTEIN: Phys. Rev., 101, 880 (1956). 

(5) B. A. LiPPMANN: Phys. Rev., 102, 264 (1956). 

(7) F. E. Low: Sumer Institute Lectures (1959), Brandeis University. 

(8) S. SUNAKAWA: Prog. Theor. Phys., 24, 963 (1960) 
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Let the Hamiltonian of the system be separable as 
(2.2) lee 


where H> describes the pair A of interacting parts of the system and V4, the 
interaction between them. 
The state Y(t) of the system in interaction representation is defined by 


(2.3) Y(t) = exp [iHSt/h]y(t) 


and obeys the equation 


” AOF ate ee AIT I nt 
(2.4) ih Ser GX) CHER] VE exp [— 1H$ th] (6) . 


The temporal development of the state can be represented by 
(2.5) PA(t) = UA(t, to) PA (to) 


where U“(t, t,) is the unitary transformation operator which obeys the dif- 
ferential equation 


# 


OU (t, to) 


(2.6) ih ‘ag D Pty. ESTE 


with the boundary condition U“(t,, 4) =1. The integral form of eq. (2.6) is 
given by 


t 
| exp [tH 4t' /h| V4 exp [— iH4t |h] U4(t, to) dt'. 


to 


i 
(2.7) UA t= L= 5 


Î 


Suppose the same Hamiltonian H could also be separated as 
(2.8) IE aed AT 


corresponding to a different pair B of interacting parts and their interaction. 
Then we can define a corresponding interaction state W(t) as before and the 
time-development of the system could be expressed in terms of a unitary 
operator U?(t, to). 

To make a comparison between the two unitary operators describing the 
evolution of the system, we observe that, starting with an initial state (to) 


19 


a 


| . È 
3 
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at time tp, the state p(t) at # obtained via either representation must be the same 


(2.9) p(t) = exp [— 1H4t/h] Y(t) = exp [—<Hot/h] UA(t,t)) exp [tH to/h] p(t) - 
Similarly 
(2.10) w(t) = exp [— tH¢t/h]U*(t, to) exp [HT t/h\ (to) - 
Therefore 
(2.11) exp [— iH4t/A] U4 (t, to) exp [iHg to/h] = U,(t, to) = 
= exp [— iH?t/h]U* (t, to) exp [:Hjto/h], 


and thus the transformation law for the operator U(t, t,) from one interaction 
picture to another is 


— 
bo 
il 
bo 


UF (t, t) = exp [(H2t/h] exp [— 1H4t/h] U7 (E, t)- 
‘exp [Hg t)/h] exp [— 1H} tofhi] . 


The operator Lim U“(t, to), the limits being taken using the adiabatic hypo- 
>+o 
i> — © 


thesis, is the usual S-matrix describing scattering of the separated parts A 
and it connects a state m4 describing the initially free parts A of the system with 
a state gj describing the same finally free parts. Similar is the role of 
U*(co, — co). The suffixes a or b denote the energy, relative momentum, an- 
gular momentum and any other attributes of the system. The problem of 
rearrangement collisions is clearly that of prescribing an S-matrix 854 con- 
necting a state g, of the initial free parts A, with a state g? of the finally 
separated parts B which are different from A. Therefore we seek an operator 
U"4(t,t) transforming a state in interaction representation A at time t, to a 
state at time ¢ in interaction representation B. 
Since 


(2.13) yt) = Us(t, to) (ta) 


or equivalently 


(2.14) P°(t) = exp /iH3t/h]U,(t, ty) exp [— iHgto/h}P4(t) 


o) 


the relationship between the transformation operators U?4(t, 4) and U,(t, ta) 
is given by 


(2.15) US) exp [eHt/K}U,(t,t,) exp [— iH4t/h] . 
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Using (2.11), U?4(t, t) can be represented in terms of either U4(t, t) or U?(t, to) 
as follows: 


(2.16) U24(t, t) = exp [iH*t/h] exp [— iH4t/h]U4(t, t,) = 
= U?(t, t) exp [(H7t,/h] exp [— iHgto/h] . 


It is easily seen that U?“(t, t)) satisfies also the property 
(2.17) U?4(t, to) = UP(t,t,)U°4(t,, to) ; 


where C denotes a possible interaction representation of the system. The dif- 
ferential equation satisfied by U?4(t, t)) is 


— exp Hein Mep ii RICE) 


U24(t,, to) = exp [iH*t,/h] exp [— iH4t,/h] . 


It is easily seen that U*4(t,t) is unitary. It follows that U4(t,, t) operating 
on a «bra» state in interaction representation B at time £ takes it into the 
«bra» state at time ¢ in interaction representation A and consequently obeys 


NT] BA 


5 = U*4(t,, t) exp [iHdt/h]}V! exp [— iHst/K], 


U*4(t), to) = exp [iH?t/h] exp [— 1H}, /f] . 
0 0 


The conjugate operator U?4'(t, ty) has a similar role. 


3. — The S-matrix. 
The S-matrix for rearrangement collisions can be defined as 


(3.1) 8*4 = Lim U**"(t, t) 
| ee 


and it is necessary now to invoke the adiabatic hypothesis to obtain well- 
defined limits. This is accomplished by attaching a factor exp [— e|t]] to 
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the interaction Hamiltonian, where e is a small positive quantity which may 


be allowed to tend to the limit zero after a calculation is performed. An 
element (gf, S7‘g4) of the S-matrix is now written as 


(3.2) (py So) = Lim (07, Usi to) G2) — (U7(0, 09), U“(0, — co) gp’) : 
{> — © 


using (2.17) and (2.16). U(0, +00) are the well-known Moller matrices, Q* 


1 
3.3 OF0,.= Pa + - , PATITI) 
( ) (2 P I ji), TEE ie Pa Va 
Thus 
(Ceo) (oh 000) = (por 


Eq. (3.4) is the definition of the generalized S-matrix in the stationary state 
formalism. 
The integral equation form of (2.18) under the adiabatic hypothesis is 


(3.5) U?4(t, to) = exp [iHdtolh] exp [—iAgto/h] — 
t 


Si 1 exp [eHgt' [h] v2 exp E € \t|] exp = it |h] Beaker to) dt’. 


to 


The transition matrix element can now be written as 


(3.6) (pos Spa) = Lim (gr, exp [tHot/h] exp [— iHgto/ti]pt) — 


to—>—© 
. ae) 
L B + 1 = ; 
= 7 fiat , exp [iHot'[h}VPexp[— e|t’|] exp [— iH dt’ /h] U*4(t', — co) gd) di. 


e MUSO term vanishes on energy integration in the limit 4 >— co. How- 
ever it should be noted that in the case of ordinary scattering (H*=H#—=H,) 
We ay 1668 7 : : ; 

the first term reduces to (9, ga) and is equal to Ô,,. Therefore 


, 


(3.7) (Go, 8° pas pa = (Ge, TApé) = 
. vio 
eM ra . 
= A (gr, exp [iH ¢t' /h| V7 exp [—e|t’| exp [— iH Gt’ A] U4(¢', — co) py) at’, 
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using (2.16) together with a little manipulation. We now have 


(3.8) Tit = — 5 (gh, VPI E), 


where 
+0 
(3.9) ee = Jexp [E — Hi) /h] exp [— e|t’'| ]U4(t', — co) 4 dt’, 


— © 


and thus satisfies the well-known Lippman-Schwinger equations 
(3.10) Pa (Hi) == 2h of —_E,) 9 + = AVES ee 
Si + VE 


Removing the d-function in the usual way as a common factor 


(3.11) VISIVA = 27h Ô(E — E yi ; 
yi is an eigenstate of the total Hamiltonian and is given by (3.3). 
We have 


oe) i 


€ 


(3.12) Ty, — Ant 0(B, — E), Vy 


In a similar way one can show that the transition matrix element 74 is also 


given by 


(3.13) TA = — Ini d(E, — E, V4 pi) 


and thus the transition matrix element T?* on the energy shell is 


(3.14) Te ea e) Uy 3s va 


It is worth pointing out a striking feature of (3.14) which is not present if 
VA=V®=V. y® and y solutions imply that the perturbation might have 
acted any number of times and represent à linear combination of states off and 
on the energy shell. If V{= V#= V we can convince ourselves that the pro- 
jection of y on q, or g, on y, through one perturbation is equal to the 


matrix element (4, pS”) on the energy shell. (3.14) implies that V® has acted 
once and V4 any number of times or V* once and VP any number of times. That 
these two should be equal to (3.4) even when V*AV® is significant since (3.4) 
implies that both V+ and V® could have acted any number of times. 

The above relations (3.12) and (3.13) can also be obtained from (3.4) using 


the technique of operator algebra (’). 
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4. — Examples. 


The above considerations provide a clear background for the application 
of the final state boundary condition in connection with problems like deu- 
teron stripping (*). Adopting an obvious notation the Hamiltonian, HEURE 
the free initial parts is 


(4.1) Hi HAN) GHEZZI e 
where Z and N denote respectively the number of protons and neutrons in 


the struck nucleus and 7,, 7, are the kinetic energy operators. The inter- 
action V4 between the initial parts is 


(4.2) le Vaan > Vatam a Van : 


In the final state B we have a nucleus (Z, N+1) and a proton 


(4.3) H? = H(Z, N+1)+ H(p) = H(Z, N)+T,4+VigmtTy; 
and 

(4.4) Ue epi. APS CA 

Evidently 


A TANO B 7 
Hic Via: Ai Bre 
and the matrix element for the process can be written using (3.14) as 


Ae va Cae MESS = VES WS) ’ 
where 


ACH) E ee i 
È = 


Ue AA 
Kt EH pia! le: 


and y; and y} are eigenstates of the free Hamiltonians (4.1) and (4.3) respec- 
tively. Introducing the final state boundary condition following WATSON (1), 
the matrix element can be written as 


i?) Loc (Maio 


(*) N. C. FRANCIS and K. M. Warson: Phys. Rev., 98, 313 (1954). 
(°) K. M. Warson: Phys. Rev., 88, 1163 (1952). 
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where 


n 1 À n 
(4.6) Xi i E Xi + BI [FRASE ie p,(Z,N) si di 
0 } 


is a scattering solution of H} + V, 
Replacing y4™ in (4.5) by %., 


(Z,N) * 


2 1 a 
(4.7) Ve — % "a pe Hi+ ie V on We 5 


the matrix element is interpreted (°) as representing the distortion of the inci- 
dent deuteron wave function by the nuclear optical potential, 7, and a sub- 
sequent impulsive break-up of the deuteron by the neutron-proton force; if 
the distortion is small, the expression leads to Born approximation. 

Similar considerations apply to the case of deuteron break up (?!). The 
problem is different from the previous one only in that the final state now 
consists of a free proton and a free neutron and the nucleus (Z, N) 


(4.8) Hie HZ, MEL 
and 
(4.9) VE = V4 "i Fee e des 


As before the matrix element for the process is 


(4.10) ip ad, aa 
where 
(4.11) e ela 
cal Lb b FE Hrce p,(Z,N) n,(Z,N) 
Replacing Vo m and Vig.m by the optical potentials Y, and Y,, one gives 


a physical interpretation to the matrix element that after the deuteron break-up, 
the neutron and proton separately undergo elastic scattering in the nuclear 
optical potential. A similar interpretation could also be given for the final 
state in (4.5) but it is peculiar that the proton moves in an optical potential 
due to the nucleus (Z, N) and not (Z, N +1) which is formed. However in the 
successful Butler theory, the proton is assumed not to enter the nucleus due 
to the Coulomb barrier in which case the problem does not arise. 


(1) J. E. Youna: Phys. Rev., 116, 1201 (1959). 
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RIASSUNTO (*) 


Presentiamo una teoria, con dipendenza temporale, delle collisioni di riassesta- 
mento, che è una semplice generalizzazione della ben nota teoria dello scattering. 
Otteniamo la matrice S per questi processi e troviamo che gli elementi di matrice 
appaiono in forme simili a quelle della teoria dello scattering. Come illustrazione di- 
scutiamo alcune applicazioni elementari. 


(*) Traduzione a cura della Redazione. 
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The Resonant Pion-Pion Model for the Nucleon Structure. 


S. BERGIA and A. STANGHELLINI 


Istituto di Fisica dell’ Universita - Bologna 


(ricevuto il 10 Maggio 1961) 


Summary. — A theoretical model based on strong 7-7 interaction (1) 
is compared with experimental data on nucleon form factors and the 
determination of the parameters is discussed. The qualitative evaluation 
of the positions of the two and three pion resonances given in (1) is not 
in disagreement with the existing data, but a wide range of values are 
allowed for the parameters. The situation is not clear in view of some 
difficulties in the interpretation of the neutron form factors. 


1. — Introduction. 


Recently a model for the electromagnetic structure of the nucleon was 
proposed (1), based on the hypothesis of a strong correlation between the pions. 

Let us summarize the qualitative discussion contained in A which justifies 
the assumptions of the model. 


1) The rapid variation of the nucleon form factors is due to a strong 
correlation between the pions. 


2) At low momentum transfers (< 10) F,, and F,, were interpolated by 
. e 
CLEMENTEL and VILLI (?) with the following expression: 


v 


Li 


(1) Pry(t) = Fro(t) = P(t) = — 0.2 + 7a 


(1) S. BERGIA, A. STANGHELLINI, S. FuBINI and C. VILLI: Phys. Rev. Lett, 6, 
367 (1961), quoted in the following as A; notations are the same used in this paper; 
the energies are measured in m, (pion mass). 

(2) E. CLEMENTEL and C. VirLi: Nuovo Cimento, 4, 1207 (1958). 
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Bowcock, COTTINGHAM and LURIÉ (*) have interpreted this result as if the 
isovector part of the nucleon structure were dominated by a two-pion T=1, 
J=1 resonance at an energy E,=422 ~ 4.7. 


3) The isoscalar part must be important in the same momentum transfer 
region, in order to give a vanishing neutron charge radius. 


4) Experiments at higher momentum transfers (*) show that the proton 
charge form factor deviates substantially from Clementel and Villi’s formula 
(eq. (1)). This deviation is less striking for the magnetic form factor. 


In A these deviations have been assigned to the isoscalar part of the 
nucleon structure, which enters mainly in the charge form factor due to the 
small isoscalar magnetic moment g, = (9, + 9,)/2 = — 0.06. 

It was also argumented that the isoscalar part is probably formed of a 
large constant part and a part which vanishes much faster than the iso- 
vector part. 

The last contribution was interpreted as a resonance in the 7=0, J=1 
three-pion state with an energy lower than that assigned to the T=1, J=1 
resonance. 

In order to give a qualitative support to the last idea let us suppose that 
two different poles contribute one to the charge structure and the other to 
the magnetic structure of the nucleon. Evidently these poles are only to be 
thought of as «equivalent poles » in the sense that they summarize the behaviour 
of different combinations of the isoscalar and the isovector contributions. 

Let us construct the following quantities: 


A,(t) 2210 1 7 
A,(t) = col <= 


I t—t 
Rett es ee 
A,(t) ay 
; is) = : = eel 
J A,(t) dy 


(3) J. Bowcock, W. N. CortINGHAM and D. LURIÉ: Phys. Rev. Lett., 5, 386 (1960). 
(4) R. HOFSTADTER, F. BUMILLER and M. CROISSIAUX: Phys. Rev. Lett., 5, 263 (1960). 
Experimental data are taken from: a) R. Horsraprer: Ann. Rev. Nucl. Sci, 7, 231 
(1957) and from ref. (4) for higher momentum transfers. For the elder set of data 


arbitrarily a small systematic error has been added to the experimental errors given 
in (a) for values of { between 7 


Ric lues 7 and 12, in order to take into account the possibi- 
ity ot an effective separati F RO E i i 1 

y su effective SOpArBuion of F,, and F,, also in this region; for other data. 
errors of the order of magnitude given in ref. (*) have been taken 
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In Fig. 1 we have plotted the experimental R, and R, together with Clementel 
and Villi’s formula. 


10 20 30 40 


Fig. 1. - R, = {/(F,,(t) —1) and R, = t/(F,,(t) —1) are plotted against { together with 
Clementel and Villi’s formula (1). 


At low momentum transfers À, and £, have not been experimentally 
separated but from what one knows are certainly of the same order of mag- 
nitude and so: 


from which #,< t. 

This means that the pole which could explain the charge form factor is 
different and lower than the one which explains the magnetic form factor. 
Due to the small contribution of the isoscalar part to the magnetic form factor, 
we think that ¢, is a good representative of a pole #, in the isovector part and 
t, comes from a combined effect of 4 1, and a pole at t, of the isoscalar 
part, which has to be smaller than ¢, in order to decrease the value of t, ap- 


preciably under #,. 
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In this manner we have given a stronger support to the hypothesis 


contained in A. 
From the above considerations the following expressions for the nucleon 


form factors were proposed (*): 


| Ay . n= (1 a ) | Ag a2 
By = (1—= tgp ur HE 

(2) by F (LE De 
Ter = Paar Ne TT 


where 1, is expected to be of the order of 22 and {, much smaller, let us say NOs 

The scope of this paper is to discuss the determination of the parameters 
appearing in eq. (2), using the experimental data. 

We wish to show that the qualitative evaluation of the resonance positions 
is not in disagreement with the existing data. 

A very important point is to check if the isoscalar part is dominated by 
a resonance (t,>9) or by a bound state (¢,< 9) and if there are any chances 
to identify it with the « particle » observed by CROWE and co-workers (5), as 
it was suggested in A. 

We shall show that the existing data are not sufficient for an unambiguous 
determination of the parameters, i.e. that a wide range of values are allowed. 


2. — Discussion of the experiments. 


We wish to discuss the different sources of experimental information about 
the nucleon form factors. 

The preceding qualitative discussion of the model is mainly based on the 
experimental data on proton form factors. 

The reason is that these form factors are the best known and their deri- 
vation from the experiments is straightforward. 

We have tried to use the proton form factors in order to determine the 
parameters of the model, but, as we shall show this is not possible because 
of the uncertainties of the experimental data. 

The best information on the neutron is the knowledge of the charge mean 
square radius, obtained from neutron scattering on atomic electrons, which 
turns out to be ‘very small: 


() Formulas (2) were calculated in the case of infinitely narrow width. For a 
finite, but still narrow resonance one obtains corrections of the order of RE 
which in the actual case of the T—J—1 resonance are very small (a few per cent). 

5 / > AC AN Wi n) 2 n € 7 à È | x 

(°) A. ABASHIAN, N. E. Bootx and K. M. CROWE: Phys. Rev. Lett., 5, 258 (1960). 
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For our model this means that: 


= DIO 


with an uncertainty of the order of 10%. 
Thus one has: 


This means that the difference between the two quantities a,/f, and a,/t, 
is certainly smaller that their errors and so we can safely put: 


IL Wie to 
(3) eee a, 
ae 


and eliminate in this was one parameter from the model. 
The other sources of information about the structure are: 


a) elastic electron-deuteron scattering; 
b) electrodisintegration of the deuteron; 


c) electroproduction of pions from protons. 


The derivation of the neutron form factors from the above experiments 
is not so simple as for the proton case. In effect one needs the theory of the 
strong interacting particles involved, like the deuteron, the pion-nucleon and 
the nucleon-nucleon systems, and the upper bounds of the errors coming from 
the approximation introduced are not very well known. From a) one obtains 
directly the ratio (°) 


Fan pe 0.09 
FAN Onl Seta) 


in the range of momentum transfers 5<t<10. 
The «theoretical error » is estimated of the order of 0.13. 
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This result can also be presented as 


— (0.91 + 0.05). 


For reaction b), there are many experiments in a wide range of momentum 
transfers (7%) as for the proton. In order to deduce the neutron cross-sections 
one uses the impulse approximation neglecting the final state interaction and 
the interference between proton and neutron contributions (?°). 

Rough evaluations of these effects give corrections which might decrease 
the deuteron cross-sections by (10--15)%. The neutron cross-section turns out 
to be only a minor part of the deuteron one (less than 4) and so any error is 
enhanced for it. 

The results obtained by HOFSTADTER and co-workers (**) using this method 
can be summarized as follows: 


1) F, is larger than F 


2n 2p? 


2) F,, is small and positive 


and the root mean square radii of the charge and magnetic moment distri- 
butions of proton and neutron are: 


ay = 0.85fermi; a, = 0; a,, =0.94fermi; a, =0.76fermi . 

The neutron cross-sections are also given by WILSON and co-workers (7). 

We have calculated the WILSON cross-sections using the Hofstadter form 
factor and we have found that the calculated cross-sections are larger than 
the experimental ones by a large factor (*). 

From e) one obtains the magnetic root mean square radius of the neutron (11) 
which is of the order of 1.0 fermi, but it is not easy to evaluate the approxima- 
tions of the theory given by FuBINI, NAMBU and WATAGHIN (?2). 

We see that between different neutron experiments there are inconsisten- 
cies, which are mainly due to the poorness of the theory involved. 


(7) D: N. Ouson, H. F. ScHoPPER and R. R. WILSON: Phys. Rev. Lett., 6, 286 (1961). 
(*) R. HoFsTADTER, C. DE Vries and R. HERMAN: Phys. Rev. Lett., 6, 290 (1961). 

(*) R. Horstaprer and R. HERMAN: Phys. Rev. Lett., 6, 293 (1961). 

(19) V. Z. JANKUS: Phys. Rev., 102, 1586 (1958); R. BLANKENBECLER: Phys. Rev., 
111, 1684 (1958); A. GoLpBERG: Phys. Rev., 112, 618 (1958). 

(*) It seems that the deduction of the neutron eross sections from the deuteron 
ones is not correct. We thank Prof. R. HorstADTER for this information. 

(1) G. G. OHLSEN: Phys. Rev., 120, 584 (1960). 

(2) S. FUBINI, Y. NamBu and V. WATAGHIN: Phys. Rev., 111, 329 (1958). 
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In order to overcome this difficulty, we have thought to base our analysis 
on the proton form factors first and then use of the neutron only the common 
features of all the experiments discussed, which are the low momentum transfer 
results. 

In particular we have choosen as representative the elastic scattering 
results (reaction a)). 


3. — Determination of the parameters. 


Let us write the expressions for the form factors given by the model once 
condition (3) is taken in account: 


ty t Page 
See Re Joy de See Py = a [= CAI 
È tal ty 4 N (E (FRE i 
(4) 
laine (eta nr t ; FREE a wee A, 
2 t,—t tr —t i Sipe TT, 
( 
Poe Ee 0335 : PED IRE 0.031, 
lp Yn 
dy 
È a 10586, n= = — 0.969. 
ope | SAGs 


Eq. (4) contain 5 independent parameters, which shall be determined by re- 
questing the best fit of the experimental data using least squares method. 

Let us first consider the proton problem. 

We have made full use of the fact that only t, and #, enter both in the 
charge and in the magnetie form factor, while a is present in the charge form 
factor and b,, b, in the magnetic form factor only. 

Let us suppose to know ¢, and #,, %.e. the position of the two resonances. 
The problem of determining a, b,, b, is similar to that of the Chew and Low 
extrapolation (with a known extrapolating function), for the determination of 
the residue of some poles. 

We have constructed the quantities: 


(5) AT 


The quantities A,(t;—#(t,—t) and A.(t,—t)(t,—t) are linear functions of 
t and the determination of the parameters from the experiments are obvious. 
Evidently we don’t know the #, and 7, and so we are obliged to ask the 
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experiments to make a selection among the possible values, i.e. which pair 
of t, and t, gives the best fit. 


A 


“i 


il | AR 


se IE 1 malate 
10 20 30 40 


SO ONTO 10 o 1 
Fig. 2. — Experimental A, = (/',,(t)—1)/t and A, = (F,,(t)—1)/t are plotted against t. 


The method we have followec i i 
. have wed has been to fix a pair 

as be x air of t, an a sa 
mine the corresponding values of a, b, and b de "i i i ace 
8 , 6, and b,, which, in this sense, are func- 
tions of t, and #,. 


The values of these parameters are sufficiently well determined by the 


experiments on proton form factors. Values of them as functions of #. and # 
Ss Vv 


are plotted in Fig. 3 through 5. 


730 


2 


dll 


THE RESONANT PION-PION MODEL FOR THE NUCLEON STRUCTURE 163 


For each pair of t, and 
t, one calculates: 
Mi 


LAS fe F(a, ts, ty, ti) 2 
Ta AF i i 


and the analogous quantity 
for F,,, say M.. 

By considering the sum 
M,+M, we have seen that 
the proton itself does not 
make a clear-cut 
for definite 
and t,. 

We think that one of the 
reasons why it is not possi- 
ble to determine the para- 
meters of the model from 
the proton experiments is 
that the t=0 values of A, 
and A, are not well deter- 


selection 


values of 4, 


A 
a «10° 

5 

| 

3+ 
18 
22 
hy, 
30 

ts 
ll. i ri fh aa sen 4 ie 1 1 > 


Fig. 3. — a as a «function » of {, is plotted for some 
values of t,. 


mined by the experiments as one sees from Fig. 3; these values are proportional 
to the mean square radii of the charge and magnetic moment distributions of the 


proton and are quite dependent on the pa- 
rameters of the model, è.e. on t, and ¢,. 
Accurate experiments for ¢ less than 5 are 
highly desirable. In order to restrict the 
range of possible values for ¢, and t,, we 
have used the four experimental points 
for F,,/F,,=% as given in ref. (°). 

Using the values of the parameters 
obtained from the proton fit, we have cal- 


culated : 
Wa = D: (= æ(a, bs, ts, si 
ALE be us 2074 x = 
Agi? 
Fig. 4. — bs as a «function» of ty is plotted 


for some values of f,. 


EI ae e Ne Au PER a Rea? E Air TRE 


PP i LIE e AP ee NOT I PAR sE IE 
I 164 | s. BERGIA and A. STANGHELLINI 
LAY 
SORT A «map» giving the value of the sum M,+M,+M, as function of t, and t, | 
is given in Fig. 6. 
ay b 
TRI V if 
pi ty=18 y 
7 
+.) 
ty N 
< ATA 
of 
Li 
t 
i 
ts 
ER AE | 1 = L 1 a 1 af ls lol cre I L_L IL e | 1 
19, 0 2 4 6 8 10 12 14 16 0 4 8 12 16 20 
‘Fig. 5. — b, as a «function » of t is plot- Fig. 6. — The sum M,+M,+ M, is given for 
ted for some values of t,. pairs of ft, and ¢, in a region around the 
or: minimum; some level curves are drawn. 
9 
Mel As one sees the best values are: 
vi RAEE A 
i With this pair of {, and ¢, we have: 
+. (Of tool Ore 
ee ira = 
i b, = 4.75 
} b, = 1.63 
and thus 
x a, = 0.39 
iy a, = 1.62 
A (notice that a, ~ d,). 
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However statistically a wide range of values around the central ones are 
allowed. 
Some qualitative features of these solutions are remarkable: 


1) t is smaller than t,; 


2) in this range we have a,, b,, positive, b, positive apart for very 


large values of t,. 


Vv? 


4. — Discussion of the results. 


We can conclude that the model is not contradictory with the experiments 
we have choosen as representative, but the parameters are not very well de- 
termined. In Fig. 7 we show the fits for the charge and magnetic moment 
proton form factors, which are fairly satisfactory. 


0.2 


0.1 


a oe RES ee al 


24 16-8 10 20 30 40 50 


Fig. 7. — Experimental proton charge and magnetic form factors. The full line is a 
representative of the proton charge and magnetic form factors calculated with our 
best set of parameters and the broken line with the one corresponding to t,=22. 


The situation for the form factors does not allow to discriminate between 
$9 even if t,<9 is preferred. 
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As to the neutron form factors, the qualitative features for a wide range 
of valnes for t, and ¢, around the best values are that Y,, is positive and 
F,, is always smaller than F,, (Fig. 8). 


Fig. 8. — Neutron charge and magnetic form factors as given by our best set of 
parameters (full line) and with the one corresponding to {,—22 (broken line). 


If we calculate the neutron cross-sections by our form factors, we cannot 
reproduce the experimental results of HOFSTADTER and co-workers (5). 

As we have already discussed the deduction of neutron cross-sections from 
deuteron cross-sections is very delicate and it may be that our results are not 
in contradiction with the experiments once any sources of experimental and 
theoretical errors are taken into account. 

A similar analysis on the basis of eq. (2) has been carried out by HERMAN 
and HOFSTADTER (°), who have determined the parameters by trying a best 
fit of both their proton and neutron data. 

In order to fit the neutron data, b, is forced to assume negative values and 
the set of parameters of HERMAN and HOFSTADTER is the followin 


Ca 
Pree Pek 1207 
b,=—3, = Ex, 
ai = 0.56, jit? UD » 


As one sees the values of the parameters are not in disagreement with ours 
except for b., ?.e. our mean square radius for the neutron magnetic distri- 
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bution is larger than that of HERMAN and HOFSTADTER. We wish to stress 
however that with this set of parameters a less satisfactory fit of proton form 
factors is obtained. 

We think however that the situation is rather delicate and the problem is 
still open. \ 

It is quite important to remark that the model proposed in A is pheno- 
menological in its nature. Its value does not lie mainly in giving a possible 
good fit of the experimental nucleon form factors, but in the fact that the 
constants introduced are related with others appearing in different processes. 
This means that the two- and three-pion resonances, in the same positions 
and with the same quantum numbers, have to be discovered in processes like 
pion production in pion nucleon collisions, ete. Now there is some evidence 
for a T—1, J=1 resonance from experiments of pion production at #, ~ 22 
which value is not far away from our best one (1) (*). 

If we fix #, to be equal to 22, the most remarkable fact is that t, turns out 
to be less than 9 and values greater than 9 are very unlikely; the best values 
are around 5. 

The only object of this kind which seems to have been observed is the 
Crowe particle and it seems reasonable to us to make this identification. 

By choosing both t,=22 and t,= 5, the remaining parameters are fixed 


as follows: 
Gh = Byki ly = 
b, = 5.90 
b, = 1.60 
and thus: 
a, = 0.35 
a, = 1.52 


In Figs. 7 and 8 we have plotted also the curves we obtain with this choice, 
which turn out to be not very far from our best fitting ones. 


(38) E. Pickup, F. Ayer and EB. O. SALANT: Phys. Rev. Lett., 4, 474 (1960); 
J. G. RusxBrook and D. Rapoysicic: Phys. Rev. Lett., 4, 567 (1960); J. A. ANDERSON 
Vo. X. Bane, P. G. Burkn, D. D. Carmony and N. Scumirz: Phys. Rev. Leit., 6: 
365 (1961). 

(*) Note added in proof. - Recent experiments on pion production (D. STONEHILL, 
C. BALTAY, H. COURANT, W. FICKINGER, E. C. FowLER, H. KRAYBILL, J. SANDWEISS 
DE SANFORD and H. Tarr: Phys. Rev. Lett., 6, 624 (1961); A. R. ERWIN, R. MARCH, 
W. D. WaLKER and E. West: Phys. Rev. Lett., 6, 628 (1961)) confirm the existence 
of a T=J=1 pion-pion resonance, whose position is fy > 27 and the full width of the 


order of 5ma?. 
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So we can conclude that it.is possible to choose parameters compatible 
both with the set of nucleon form factors data we have select and with the 
experimental information (if reliable) on two- and three-pion resonant or bound 
states. However in view of the difficulties outlined, both theoretical and ex- 
perimental information is needed in order to clarify the situation. An accurate 
and complete set of experimental data together with some improvement of 
the underlying theory are likely to give the definite answer to the several 
aspects of the problem. 


We are deeply indebted to Prof. S. FUBINI for many helpful discussions 
and advice. We wish to thank Prof. R. HOFSTADTER for a useful corrispon- 
dence we have had with him. 

The assistance of Mr. I. MAGANZANI for the programming work at the 
I.B.M. 650 of the « Centro Calcoli » of the University of Bologna is gratefully 
recognized. | | 


RIASSUNTO 


Si usano i dati sperimentali per determinare i parametri di un modello per i fattori 
di forma dei nucleoni basato su una forte interazione pione-pione. Si mostra che le 
posizioni delle risonanze negli stati di due e tre pioni stimate in A sono in accordo 
qualitativo coi dati esistenti. Tuttavia un’ampia serie di valori per le posizioni delle 
risonanze è compatibile con gli esperimenti. La situazione non è chiara a causa di 
difficoltà nell’interpretazione teorica e sperimentale dei fattori di forma del neutrone. 
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Neutral Scalar 5-Meson 
and the Mass Difference between Muon and Electron (*). 


K. TANAKA (**) 


Istituto di Fisica Teorica, Mostra d’Oltremare - Napoli 
Argonne National Laboratory - Argonne, TI. 


(ricevuto il 12 Maggio 1961) 


Summary. — The self-mass arising from the interaction of a leptonic 
field with a scalar neutral o-meson is calculated in perturbation theory 
to examine the possibility that the electron may be regarded as a light 
muon because the sign of the self-mass is negative. Further, the con- 
sequences of a model in which a leptonic field interacting with the o-meson 
can describe the electron and muon as eigenstates are studied. 


1. — Introduction. 


One of the most puzzling features of the leptons (the electron and muon) 
is the high symmetry of all their known interactions in the face of their large 
mass difference. If one wants to attribute the mass differences between ele- 
mentary particles to their interactions, then the large mass difference between 
the electron and muon suggests the existence of either a new interaction or a 
new particle, hitherto undiscovered, whose purpose is to provide the explana- 
tion of the mass difference. Of course, the whole approach may be wrong, 
in which case some drastic change would be required. 

It is indeed distasteful to introduce a new particle only for the purpose 
of explaining one mass difference but there seems to be a raison d’étre for a 
neutral scalar o-meson if its existence would not change anything that is 


(‘) Work done under the auspices of the U.S. Atomic Energy Commission and 
the U.S. Air Force through contract no. AF 61(052)434. 
(**, Permanent address: Argonne National Laboratory, Argonne, III. 
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already known about elementary particles. The c-meson was postulated by 
SCHWINGER on the basis of general arguments on the connection between iso- 
topic spin, charge, and hypercharge (1). It is scalar under all operations in 
the three-dimensional isotopic space and in space-time. It further has the 
interesting feature that, to the second order in perturbation theory, its scalar 
interaction with a leptonic field gives rise to a self-mass, whose sign is nega- 
tive. Then if the leptonic field y(x) with mass m can describe the muon and 
the electron states, one obtains the condition that the mass M, of the electron 
and the mass M, of the muon are less than the mass m of the leptonic field 
y(x). Hence, when the limiting procedure of GELL-MANN and Low (?) is 
applied to the integral equation of the propagator SL (& — y) of y(x), where 


(I) Sie y) = Sir — y) -faeftosse- mito 284 —n, 


the inhomogeneous term (the free propagator) S,(x — y) drops out because 
it does not contain any frequencies as low as that corresponding to the masses 
M, and M. 

One then obtains an integral equation for the leptonic wave function (3) 
x,(@) =<0|y(æ)|x), where the one-particle state |a) is an eigenstate of the 
momentum four-vector P, with eigenvalues p whose mass M (p*=— M?) 
will be that of the M, and M,. This method has already been applied to the 
interaction between a single spinor field and a two-component neutrino field (*). 

This paper presents a model in which the simplest class of diagrams (ladder 
diagrams for a one-particle state) are taken into account to see what relation 
between the various parameters of the c-interaction emerges if the muon and 
electron are describable by a leptonic field, and also to examine whether or 
not the o-meson can possibly exist. 

The scalar interaction is discussed in two ways. In Section 2, the scalar 
interaction between the muon and o-megon, which gives rise to a negative self- 
mass, is calculated to study the possibility that the electron may be regarded 
as a light muon. In Section 3, the electron and the muon are regarded as two 
eigenstates of the scalar interaction between a leptonic field and the 6-meson 
field. In both methods the requirement that the anomalous magnetic moment 
of the muon should be less than 10-3 (e/2M,) is imposed. Some concluding 
remarks are made in Section 4. 


(1) J. SCHWINGER: Ann. Phys., 2, 407 (1957). 
(2) M. GELL-MANN and F. Low: Phys. Rev., 84, 350 (1951). 


(3) This one-particle wave function is closely related to that discussed in G. C. Wick: 
Ann. Rev. Nucl. Sci., 8, 1 (1958). 


(*) H. Krra and E. PrEDAZZI: Nuovo Cimento, 17, 908 (1960). 
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2. — Calculation of self-mass. 


The self-mass of the muon, arising from the scalar o-meson interaction, is 
given to the second order in the coupling constant as 


A? 


n vi ig? Tapi Lupa) tm 1 
omu(0)u(0) = — Cr): no fa fa aes me ADN uw (0), 


— 
bo 
— 


0 


where the momentum of the muon is put equal to zero and a Feynman invariant 
cut-off function A?/(A?+ k?) has been inserted under the integral (5). This 
expression is written for #=e=1, and w is the mass of the o-meson. For 


later convenience, eq. (2) with p? —— M? is written in the form 
(3) Sm = (g*/16°)(0)[îy,,p,f — ma] u(0) , 
where 
(4) a= a(A) — (0), 
1 
(5) a(A) = 5 TE {A? + up? + M? — m? —[(A + uw? — m? — M?)? — 4m®M?]}}}. 


AZZE ip il 
an | ~ = + —— [(A? + uw? — m? — M?)? — Am? M?]?- 
m? MM? 


ee + u? + m? — M? IA? n SM = 4m? M? |) 


af SANTE, > 
wi 2m? ihe 
and 
(6) B = B(A) —B(0), 
A? 
(7) B(A) = WE + 
Mme ME MAG M) Sn 
I 2M  * AM: 
(A2 + w? — m? — M*)?) A + pu? 
-- = ——? In | — — 
4M* \ 2 | 
A? 2— m? — M? 7 
i Tea 7 Ira? Lu? m°— M?) = 4m? M?/?- 
[par eae AA e e a ao 4m? M>]}] 


2m? fe 


(5) The criticism raised by S. SUNAKAWA and K. TANAKA: Phys. Rev., 115, 754 (1959) 
toward such an invariant cut-off function is not valid here, because the muon is not 
a strongly interacting system. The purpose of the cut-off here is to make an other- 
wise divergent integral finite. 
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The requirement that the contribution to the anomalous muon magnetic 
moment due to the o-interaction be less than ÔF—10-*(e/2M,) imposes a 
restriction on the values M and w°. This restriction is satisfied for large 
values of u*/MÈ, for which SP is given to the second order in the coupling con- 
stant as 


o E M° jaye 5 pren 
(8) Sr )< 10- = 
a lth y € 


- 


FIENO ig es NT ments 
è à = dh - x ia d ~ 


ie! 
qu ; 


‘In other words, specifying that g°/47=2 requires p/m > 1800. 
4e Since Mi, =m? and ty,p, ——m for the self-mass, substitution of eqs. (4) 
E to (7) into (3) and keeping only the leading terms, leads to 
Ri | 
dsm q° Gifs ote À 
— = | De - = |In | |). 
9) m lant See ane Tons (5 a Gr 


The observed mass of the electron is given as 
M,=m + 3m = 207 — 206 = 1, 


so that eq. (9) is expressible as 


2 3 2 2 
DTS Toi see pc 
1672 \2 PE 


i, 
da which leads to the value A?/uw?—>oco for g*/4rx<10. We thus conclude that 
À 

“one cannot regard the electron as a light muon if the o-interaction is respon- 
|. sible for the mass difference (°). 

Nie FOA BED 


3. — Eigenvalue problem. 


The consequence of regarding the muon and electron states as eigenstates 
of the leptonic field (x) will now be examined. For this purpose, the function 


pit, G(w— 2) of eq. (1) is taken as 

ae 

fi Her 10) G(0 — 2) = (g°/8) S,(@ — 2) A, (© — 2). 

Ni 

! # ” > o» 

da (5) One would expect that the cut-off is not too much larger than the masses that 
Ls fix appear in the theory. For a different viewpoint see W. S. CowLAND: Nuel. Phys., 
56 8, 397 (1958). In the present framework, the approximation 

© SA stat a + 

So A In[(A? + 42)/u?]= In (Au?) = — In (42/42), 

Bj 4 with w?/A?& 10? has been taken in this reference. 

a 
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Then the sum in eq. (1) includes only the simplest self-energy diagrams which, 
at no time have more than one o-meson in the field. There is no rigorous 
support for this model and unfortunately the estimation of the remainder that 
appears in a relativistic field theory is formidable. 

This model becomes more valid when the value of the coupling constant 
is smaller, as can be seen from the following argument. In a one-particle state, 
the particle emits and reabsorbs the c-meson for a very long time. If the 
coupling constant is small, then the probability for finding one virtual o-meson 
in the field is larger than that of finding two or more virtual o-mesons simul- 
taneously. The particle may successively emit and reabsorb any number of 
virtual o-mesons which are taken care of in this model. The neglected diagrams, 


which correspond to the cases in which two or more 6-mesons exist simul- 
taneously in the field, become unimportant if the coupling constant is small. _ 
Now substitute eq. (10) into (1) and use the limiting procedure of Gell- 


Mann and Low to project out the one-particle states y,(æ) = <0|y(x)|x> in 
the relation 


— LS (x —y) = > <0|y(a) |n> <n | ely 10> = 2450) (y), 407000 


where the states |n> are eigenstates of the momentum four-vector. The | 


result is 

(11) OY Pu ch M) Xx i Ax ’ 
where 

(12) A = — (97/62?) (ty, 2,8 — ma). 


The right-hand side of eq. (11) should include another term arising from 


the interaction between the leptonic field and the electromagnetic field and : 


having the sign opposite to that of the o-meson term because its self-mass 
is positive. This term, however, can be neglected in comparison to the term A 
because the coupling constant of the electromagnetic interaction is only about 
a hundredth of that of the c-interaction (7). Combining eq. (11) and (12) and 
the condition p= 0, one gets 


(13) VM + m4 n VoMpema)rig,=0. 


(7) Making g?/4a%<1 is not acceptable because such values require excessively large 
cut-off values, of the order of 102 nucleon masses. 
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The requirement that eq. (13) has a non-zero solution is 


g? ie 
eae = an gar 8). 
(is) È (i 167? 2) ta | 1672 8) 


This result is an eigenvalue equation expressing M in terms of the para- 
meters A, u, m, and g’/4x. The problem is to specify these parameters so that 
M, and M, satisfy eq. (14). In addition, the following conditions must be 
satisfied in order to have a well defined problem. First, À should be the largest 
mass that appears in the theory. Second, m should be larger than M, and M, 
so that the limiting procedure is valid. Third, SY should be less than 
10-? (e/2M,) to avoid contradicting the experimental data on the anomalous 
magnetic moment of the muon, a value that is adequately accounted for by 
the electromagnetic interaction. When this condition is satisfied for the muon 
it is also satisfied for the electron. Forth, u should be sufficiently massive so 
that the o-interaction will be short range in order to accord with experi- 
mental data on muon scattering, etc. 

For the numerical work, eq. (5) and (7) are not convenient because M, 
which will be one of the smaller masses (M, or M ,), appears in the denominator. 
Consequently « and f are expanded in terms of M 2/A*?=% so that, to the 
first order in x, eq. (4) and (6) become 


1 + 7 TE x L 4 n | 4 
(15) 3; mie (12%) (e) | sa + x ns) x 


DAL (x — n)? 2(1+n — x)? 


+ = (1 dn E | )x =. In (= n 3 NA 1 x 1 ea ca à 
(1 + n — x)? x | (x — n)? n () non ia E 


2 1 f x 1+n (n° — 2nx) DE 
(16) 5 —— aul : rules a Sa 
| 2 la +n — k)(x — n) a | # | 37 (x — n)? a (=) 
1 
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oa x? ak 1-+ n + | i _2(14 n)? (1+ n) x t 9x? , 
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where 


Ma annnran 1Q Ne ti c n : 
The accuracy of this expansion has been estimated and it is good for a, 
but the x? term is needed for a reliable result for 11e 
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Substituting eq. (15) and (16) into eq. (14), leads to an equation for # 
which should be satisfied by x= M°/A? and «= M?/A?, namely, 


Ge 


(17) (Ed ri ia x.) = + (2) î is à 


167? 16773 (P1+ Pat) : 


The values of n and x are expected to be about 10*--10* times as large as M}/A° 


so that M°/A* can be considered as equal to zero. When æ—0 in eq. (17), 
the relation reduces to 


(18) a = 


When this is substituted in eq. (17), the result is 


(19) Oy (%a@)* = + [ (1677/9?) + 8, + Box] 


which should be satisfied by «= M{/A?. 

The condition (8) can be used to obtain a relation between x and » once 
g?/4ac is fixed. The method is to fix the value of g?/4x and adjust x and n so 
that eq. (8), (18) and (19) are satisfied in addition to the four requirements 
mentioned in this section. The numerical values of A, m and yu that satisfy 
all the requirements are given in Table I in units of the mass of a nucleon. 
The masses M, and M, are 0.1125 and 0, respectively and the value of 3 
is kept at approximately 107% e/2M, for all values of g?/4x. 


Tusio, IL, 


TEN 2.01 3.92 9.9( | 
== I a = 2} == 
| | | | 

A | 183 | 56 2 | 

mn | 4.96 | TA 2 | 

Ll | 4.88 | 7.03 | 


Values of x which are negative have been dropped. We are only interested 
in those value of x which lead to the observed masses of the electron and the 
muon. 

The case of a pseudoscalar and vector o-meson cannot be treated similarly 
because the self-mass to the second order in the coupling constant is positive, 
so that one cannot obtain the eigenvalue equation corresponding to eq. (11). 
Changing the value of SF, leads to another set of values of A, m and mw but 
the trend of the values remains the same. 
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4. — Remarks. 


It has been shown that the electron and the muon states are describable 
by a leptonic field which interacts with a o-meson in a model in which the 
ladder diagrams are summed and a large cut-off is taken. It has not been 
possible to obtain a set of values in which the coupling constant, cut-off A, 
and o-meson mass would simultaneously be small. If one wishes to obtain 
a o mass of the order of a few nucleon masses, then the cut-off must be taken 
at about 10? nucleon masses. 

The ratio A/u of the cut-off A to the mass w of the o-meson depends sen- 
sitively on the scalar coupling parameter g*/47, because a summation over all 
the ladder diagrams has been carried out. If g?/4x is smaller, the probability 
of finding a virtual o-meson in the field is smaller so that a larger cut-off A 
is required to obtain the same effect. This explains the dependence of A/u 
on g?/4x in Table I. The near equality of the masses of the o-meson and the 


leptonic field is accidental (8). 


It is not without comfort that a model can be found, however unrealistic, 
that satisfies all the requirements mentioned in Section 3. Such a model is 
useful only if it provokes further thoughts on the possible explanation of the 
difference in mass between the muon and electron. 


The author is very grateful to his colleagues for their helpful discussions 
and to Professor E. R. CATANIELLO for his warm hospitality at the Istituto 
di Fisica Teorica. 


8 ‘ matie: "aa ic a : 
(*) The mathematical reason is to enhance the terms x, B,, and #, so as to obtain 
small values of x. 


RIASSUNTO 


La self-mass che si origina dall’interazione di un campo leptonico con un campo 
mesonico scalare neutro o è calcolata con la teoria perturbativa, in modo da esaminare 
la possibilità che l’elettrone possa essere riguardato come un muone leggero, poichè 
il segno delle self-mass è negativo. Inoltre sono studiate le conseguenze di un Sa, 


nel quale un campo leptonico, interagendo con il mesone o può descrivere l’elettrone 
e il muone come autostati. 
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Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


K. GOTTSTEIN 


Max-Planek-Institut fur Physik und Astrophysik - München 


I. LABORAGINE and A. SALANDIN 


Istituto di Fisica dell’ Università - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 19 Maggio 1961) 


Summary. — No leptonic decays have been observed in a large sample 
of charged X-hyperons (about 600 S*—x*+n). Taking into account 
the efficiency of the method which has been'used for the analysis of the 
events, the ratio (et-+v+n)/(7++4n) is less than 1%, in accord with other 
authors. No 2*+7x++y+n events, with m+ of energy less than 75 MeV, 
have been detected. Up to now only two examples have been reported 
in the literature. Then the ratio (7*+4+y+mn)/(x*+n) lies probably between 
1 and 2%, consistently with the theoretical predictions. 


In five stacks of photographic emulsions exposed to low energy K-beams, 
produced by the Bevatron, about 30000 K-meson captures were observed, 
(the major part by the Bologna, München, Paris, Parma collaboration (1)). 

From the analysis of a great part of these captures, about 600 charged 
X-hyperons were found which had a neutral baryon among the decay products. 
The charged secondaries of these hyperons have been examined in order to 


(1) W. ALLES, N. N. Biswas, M. CECCARELLI, m. GESSAROLI, G. QUARENI, M. GòING, 
K. GorTsTEIN, W. PùscHeL, J. Trerar, G. T. Zorn, J. CRUSSARD, J. HENNESSY, 
G. Dascora and S. Mora: Nuovo Cimento, 11, 771 (1959). 


12 - Il Nuovo Cimento. 
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detect possible cases of leptonic decay, or radiative decay, in particular pro- 
cesses of the type: e+v+n, e+v+A°, 7+y+n; which should be present to- 
gether with the main decay mode x-+n. Using the emulsion technique, it is, 
in principle, always possible to distinguish the electrons from the pions because 
of the bremsstrahlung of the electrons and the change of the ionization of the 
pions. Of course, this procedure is possible only if the tracks are sufficiently 
long, i.e. some centimeters in our case. 

Because of the background due to the numerous light mesons, which ac- 
compagny the K~-beam, it was rather difficult to follow the tracks through 
the stack unambiguously. Therefore, only few secondary tracks were analysed 
according to the said procedure. For the major part of the events, the dis- 
tinction between the different decay processes was based on the experimental 
separation of a two-body decay from a three-body decay. This was obtained 
by means of multiple scattering measurements, 7.e. by comparing the obtained 

results with the expected ones. 


Each secondary track has been care- 
fully followed in the emulsion in which 
it was generated, and in the next emul- 
sions as long it was possible without 
ambiguity. 

Provided the dip angle was smaller 
than 30° and the track sufficiently 
long, measurements of pf were carried 
out. 


30 


pB=147 MeV/c 


As for the tracks longer than 1 mm 
per plate the obtained pf values can 
be regarded as quite reliable, while for 
shorter tracks the obtained values must 
be considered, in the majority of the 
0 100 = 208 cases, as lower limits only. The main 


Fig. 1. — pf distribution of 109 seconda- difticulty of this kind of measurements 
ries of Z-hyperons decayed at rest. The arises from the gelatine distortion, the 


curves a and b represent the electron effects of which can be corrected only 
spectra for the processes e+-+y+ A0 and ; 


> when the available tracks are long 
et+v+n respectively. 3 


enough. 

The pf distribution for the secon- 
dary particles which belong to the above said selection, is reported in Fig. 1; it 
refers to 109 decays at rest which we have consequently classified as +s. 

The spectra of the electrons, calculated by assuming they depend on the 
phase-space only, are also reported in Fig. 1 in arbitrary units. 

In Fig. 2 are reported the momenta in the center-of-mass system of the 
secondary particles which arise from 51 X°s in flight. The average mass 
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between the £* and the Y7 has been used for the required kinematical cal- 
culations. 
Both Fig. 1 and 2 show that the results of the measurement are spread 
around the expected value for the secondary x-meson of the two-body decay. 
Three measurements (no. 1, 2 and 3 in 
Fig. 1) have rather unexpected values of pf. 


The secondary track number 1 stops in flight 15} p=188 MeV/c 
in the emulsion after 5 mm; its grain density | 


being about twice the minimum, the particle 10! 
has been identified as à 7-meson of 36 MeV. 
The pion associated with the K™ capture is & 
positive; hence the hyperon must be negative. 
This event could be interpreted as a radia- coe VERE RAT 
tive decay of a very slow 2, but we prefer 100 200 300 
to explain it as a capture of a Y producing Fig 


.2.- Distribution of the mo- 
a rather heavy hyperfragment which under-  menta in the c.m. system for 51 


goes mesonic decay. In fact, the Y seems secondaries of X-hyperons de- 
to be really at rest and a final blob could ac- cayed in flight. 
count for the nuclear recoil. 

The pf’s of the events number 2 and 3 are exceptionally high, but the 
results of the ionization measurements are closely in accord with the mean 
value we have obtained by measuring many secondaries of &’s at rest, and 
not with the plateau ionization as one would expect for fast electrons. We 
wish to underline, in particular, one of the two events; here, the secondary 
tracks stops in the emulsion after 13mm and its multiple scattering gives 
pp = (234 +19) MeV/c, which would be compatible with the electron spectrum. 
However it is very hard to support the presence of a positron, because of the 
ionization which is significantly higher than those of the fast electrons. The 
measured electrons (from u-mesons or from energetic y-rays) show a fairly 
constant ionization, so that even a slow increase with the energy seems to be 


excluded. 

Apart from these three events, the experimental distribution is in accord with 
the assumption that all the measured secondaries are z-mesons of the two- 
body decay; the width of the distribution is consistent with the errors we 
have calculated for each event. Slow electrons under 100 MeV would have 
been detected, if present in the selected samples. 

Also grain counts were made for about one third of the events at rest; 
the results were always in accord with the ionization expected for the mono- 
energetic secondary pion and never for an electron. 

Another group of 37 secondaries, which do not satisfy the selection criteria 
has been also measured and no pf°s smaller than 80 MeV were recorded. 
Besides, 15 tracks have been followed until the particles come to rest, or long 
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enough to establish, with the help of ionization measurements, their mesonic 
nature. 

Therefore we conclude that no evidence has been found for any kind of 
leptonic decay. The ratio (e+yv+A°)/(z-+n) is smaller than 1/196. Provided 
‘the electron energy spectrum for the e+v-+n process is not very different 
from that we have assumed, the ratio (e-+v-++n)/(z+-n) becomes smaller than 1%. 
Because the number of Xs present in our sample is very small, the con- 
clusion we have drawn refers to the X* decay. 

We summarize here briefly the present situation of the leptonic decay of 
the X-hyperons. LEITNER et al. (?) investigated the same problem by means 
of a Hydrogen Bubble Chamber and they, too, gave negative results. Posi- 
tive evidence was given by HORNBOSTEL and SALANT (*) who report an event, 
found in emulsion, which is interpreted as a leptonic decay of a X of un- 
determined sign, and by FRANZINI and STEINBERGER (*) who report an ex- 
ample of leptonic decay of a Z detected by means of a propane chamber. 

Theoretically, the ratio (e+v+A°)/(x+n) is expected to be of the order 
of 10-4 and so far the experiments are not statistically sufficient to check such 
a small value. 

By means of the universal Fermi interaction theory one can predict a 
ratio of a few percent for the e-+y+n process. For this last case different 
assumptions lead to the forbiddance of alternatively, the leptonic decay of 
the &* (5) or of the X (*). The whole experimental results indicate that the 
ratio (e+v+n)/(r+n) is significantly lower than the predicted one. 

In our sample of hyperons no evidence has been found for the radiative 
decay. Taking into account the results of the multiple scattering and of the 
ionization measurements for the decays at rest, positive pions of energy less 
than 75 MeV can be excluded. 

Up to now, two possible events &*-—>n+t+y-+n have been reported in 
the literature (78). They were found in small samples of analysed hyperons. 
Thus the experimental ratio (7*4+y+n)/(x*+ n) lies between 1 and 2 per cent. 
Such order of magnitude agrees with that calculated by BARSHAY and BEHR- 
ENDS (°). 


(2) J. Leirner, P. NorpIN, A. H. RoseNFELD, F. T. SoLmiTz and R. D. TRIPP: 
Phys. Rev. Lett., 3, 186 (1959). 
(3) J. HorNBosTEL and E. O. SALANT: Phys. Rev., 102, 502 (1956). 
1) P. FRANZINI and J. STEINBERGER: Phys. Rev. Lett., 6, 281 (1961). 
°) R. P. Feynman and M. GELL-MANN: Phys. Rev., 109, 193 (1958). 
R. P. FEYNMAN: unpublished. 
E. M. FRIEDLANDER: Phys. Rev. Lett., 4, 528 (1960). 
Le M. GARELLI, B. Quassrarr and M. Vigone: Nuovo Cimento, 16, 960 (1960). 
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°) 5. BarsHAY and R. E. BenRENDS: Phys. Rev., 114, 931 (1959). 
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We wish to thank the authors of the Bologna, München, Paris, Parma Col- 
laboration for having put their scanning data at our disposal, Prof. M. CEC- 
CARELLI and Dr. F. SELLERI who helped us at the beginning of the work, 
Miss B. FRENTZEL-BEYME, Miss C. SoAve, Mr. BERNO and Mr. DAINESE for 
their valuable contribution to the measurements. 

The authors of the I.F.U.B. thank the Max-Planck-Institute for the kind 
hospitality. 


RIASSUNTO 


Sono stati cercati possibili casi di decadimento leptonico di iperoni ® carichi, in 
un gruppo di — 600 iperoni osservati in emulsione nucleare e precedentemente classi- 
ficati come X* > x*#+n. Non è stato trovato nessun decadimento leptonico. Tenuto 
conto dell’efficienza del metodo impiegato per l’analisi degli eventi il rapporto 
(et-+v+n)/(x*+n) risulta inferiore all’1%, in accordo con i risultati ottenuti da altri 
autori. Non è stato osservato nessun evento del tipo 2++x*+y+n, con x* di energia 
minore di 75 MeV. Due di questi eventi sono stati finora trovati in altri laboratori. 
Perciò il rapporto (x*4y+n)/(m*+n) è probabilmente compreso tra 1 e 2% in accordo, 
come ordine di grandezza, con le previsioni teoriche. 
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(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Gauge Covariance of Spinor Geometry (*). 


A. PERES 


Department of Physies, Technion - Israel Institute of Technology - Haifa 


(ricevuto il 28 Dicembre 1960) 


It is often stated (4?) that the vanishing of the covariant derivative of the 
alternating spinor (3) «,,, is incompatible with the gauge invariance of spinor geom- 
etry. It was however shown by BERGMANN (4) that 6,,,, vanishes identically if 
account is taken of the density character of e,,,. The purpose of this note is to 
generalize some of Bergmann’s results. 

Let 7,," be the transformation matrix between two spinor frames, and let 
T=Det(7,"). Following Corson (5), we define a covariant pseudospinor y, ot 
weight p and antiweight q by the transformation law: 


Yan? = Ta Pa EN Vn > 


with similar laws for contravariant (and higher order) pseudospinors. Notice that 
PV; =Y,, has weight q and antiweight p. 
For instance e” has weight 1 and antiweight 0, and it follows from 


qu mn us == Demi ens i" 


that the weight and antiweight of gem" are both equal to }. 
Now, the Dirac equations (5) 


umn - Pt Wi À 
gum Vary - _kemn Me > gum que — ke Wm > 


(*) This work was partly supported by the U.S. Air Force through the European Office of 
the Air Research and Development Command. 

(*) W. L. BADE and H. JEHLE: Rev. Mod. Phys., 25, 714 (1953). This paper contains numerous 
references to earlier literature. 

(*) H. A. Bronpaan:i Nuovo Cimento, 11, 496 (1959). 

(*) Latin indices label spinor components, Greek indices, vector components. A comma denotes 
partial differentiation, a semicolon, covariant differentiation. 

(@) P. G. BERGMANN: Phys. Rev., 107, 624 (1957). 

() E. M. Corson: Introduction to Tensors, Spinors and Relativistic Wave-Equations (London, 
1953), pp. 14-16. i 

(5) E. M. Corson: Introduction to Tensors, Spinors and Relativistic Wave-Equations (London, 
1953), pp. 104-105. ; 
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imply that if y; has weight w and antiweight v, then y, has weight w—4 and anti- 
weight v-+ 3. Furthermore, since the Lagrangian (5) 


ln (Wm Gee Prin ae Più GATE Pr; u a5 2hWm em Pn) > 


must be invariant under spinor transformations, then it follows that w+ v— 1, 
Now, the covariant derivatives of our pseudospinors are 


== 4 7 1 ? , Vy 
Prism = Vr ni Wm L Oh ae (u PI >) YL ru to (2 ale 2) Pn 1 ue > 


Vy 


= . —. . 1 . — 4 — ) )e mn . 
Priu 7 Pa, Più Ir up; l mu Pr i au * 


Taking, for the sake of simplicity, Cartesian coordinates (the generalization to 
curvilinear coordinates is trivial), we have /",,—i0”,0,, where a, is some vector, 
By virtue of u+v=—4}, we thus obtain 


Vain = Vn = 2G, + Ay) Yn Parse = Pap — QUA, + à) Py’ - 


We see that only the real part of a, is relevant. The correspondence with quantum 
mechanics implies 


ehA,/c = 2u(a, + ay) - 


Particles of different charges correspond to pseudospinors of different weights. 
An important implication of the above theory is that a,, is only partly determined 
by the electromagnetic potential: its real part is fixed only up to the (hitherto 
unknown) multiplicative constant v, while its imaginary part is arbitrary and 
perhaps devoid of physical interest. The consequences of the above facts on a 
unified theory of gravitation, spin and electromagnetism will be discussed elsewhere. 
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A Simple Derivation of the Geodesic Equations of Motion 
from the Matter Tensor in General Relativity Using the ò-Function. 


DIK. SEN 


University of Toronto - Toronto 


(ricevuto il 4 Marzo 1961) 


Einstein’s theory of gravitation rests on two fundamental equations: 


— Field equations: 
(1) Rua == 392 E = — KT a3 que = 0. 


— Geodesic equations of motion: 


Sa SN) 


dat! f u) da* daf ; 
Gs as 


(2) ds? la p 


Explicit equations of motion of a system of particles from the field equations 
alone have been obtained by 


(i) ErnsrEIN, INFELD, HOFFMANN (1), without using the matter tensor T,; and 
considering the particles as point-singularities. 


(ii) Fock (2) and his school, using the matter tensor and a harmonie coor- 
dinate system. 


Qu) INrELD (8), who combines the two approaches by using the òd-funetion. 
Simple derivations of eq. (2) from (1) have been given by various authors, namely 

(a) EDDINGTON (4); 

(b) FocK ( 


(c) JORDAN (*) using the Ô-funetion. 


E 


5), in two different ways using the continuity equation; 


() A. EINnsTRIN, L. INFELD and B. HOFFMANN: Ann. Math., 41, 455 (1940). 

() V. A. Fook: Zurn. Eksp. Teor. Fiz., 1, 81 (1939), see also (5). 

() L. INFELD: Acta Phys. Pol., 13, 187 (1954). 

(4) A. S. EppIiNGTON: Mathematical Theory of Relativity (Cambridge, 1954), De 26. 
(6) V. A. Fook: Theory of Space Time and Gravitation (t.ondon, 1959), p. 215. 

(°) P. JoRnAN: Schwerkraft und Weltall (Braunschweig, 1955), p. 82. 
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We give here a simple derivation of eq. (2) from (1) which is very similar to 
that of Jordan’s except that we use also the equation of continuity. 

We first consider a continuous distribution of matter (perfect fluid) with den- 
sity o. Thus we have 


dat dat 
3 MS LEE PA =). 
(3) 5 ds ds PA 


| dæÀ 
(4) OL —() 
ds li 


We now go over from a continuous distribution of matter to a single particle 
of unit mass whose path is given by x#—#(s). Then we can write 


(5) o=—== Si where O(a — x) = O(a — TU). 
Veg II 


The factor 4/—g is introduced in order that o should be a scalar. We note that 
d(“ — x) transforms like a scalar density, because from its definition, for a scalar 


function f(x) we must have 


fo site) dx = f(x) = scalar. 


So for a single particle eq. (3) and (4) become 


O(a — ©) dal dad 
(6) At la Ho 
/—g ds ds /., 
ô(x — €) dad | 
(7) ——— —-|] =0. 
/—g ds}; 


Eq. (7) is to be considered as the equation of continuity for a single particle. 
Eq. (6) can be written as 


N79 ds \ ds 


ds 


ô(x — à) da (=) del (e ip) a) 
3A A 


The second term vanishes in view of (7) and the first term gives 


dla — ©) fazer fade def] di 


EG | ae la BS ds ds | 


> 


which implies 
| ds fu) da dé 


ds? | |x ff ds ds 


i.e. the geodesic equation of motion. 
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The Contribution of the Born Terms to Photoproduction 
of Pions at High Energies. 


G. HéHLER, K. Dietz and A. MÜLLENSIEFEN 


Institut fiir Theoretische Kernphysik der Technischen Hochschule - Karlsruhe 


(ricevuto l’8 Marzo 1961) 


The phenomenological analysis of the reactions 


n+ rt, 
(1) ne 
ND o 


at high energies has been discussed by several authors (1-4), assuming that the 
production amplitude can be approximated in the following way (2): 


(2) EU = RS HET PET PET, 
(3) LI I ART ro 


F,, F,, Fs are pure multipole transitions leading to the excited states of the nucleon 
which belong to the first, second and third resonance. The «electric Born term » RES 
is the amplitude following from relativistic perturbation theory in 2-nd order, if 
the proton is treated as a Dirac particle (without anomalous magnetie moment). 
It is the aim of this note to point out that in (2) and (3) further terms should be 
added, which are expected to contribute not less than the resonance terms. 

The dispersion relations for photoproduction (°) suggest that in addition to ee 
the corresponding term for x°-production and the « magnetic Born terms » Fr n are 
essential parts of the production amplitude. The magnetic Born terms are equal 
to the result of 2-nd order perturbation theory (PS, PS), if the interaction of the 
anomalous magnetic moment of the nucleon with the electromagnetic field is con- 
sidered. We have evaluated the cross sections caleulated from the total Born 


(2) R. WILSON: Phys. Rev., 110, 1212 (1958). 

(à) F. PEIERLS: Phys. Rev. Lett., 1, 174 (1958); Phys. Rev., 118, 325 (1960). 

(*) A. M. WETHERELL: Phys. Rev., 115, 1722 (1959). 

(9 L. F. LANDOVITZ and L. MARSHALL: Phys. Rev. Lett., 3, 190 (1959). 

(5) G. F. CHEW, M. L. GOLDBERGER, F. E. Low and Y. NAMBU: Phys. Rev., 106, 1345 (1957). 
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term (5) in the c.m. system: 
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AO EAST LA ale, DIE 0 
= e?f2| — CT pes Line 08 
do) E, + q così er | apr AC GEST 
3 n : 
+ dna 0 gi =| — - i —— 1 
2 i HE k2(E, + q cos 0)? J 
1 mt VÀ 2 Z = “OS 0 2 si 2 
Me PR er 
dQ Born W k \ W 2h2 (ay == q COS 0)? 
1 r 2 30)? da Ca 
2e AWE og cont) (In + In)°(0, — 4 cos 0)? + (gy + Jara SI | 


The notation is the same as in (?). 


Figs. 1 and 2 show that there are large dif- 


ferences between the calculated Born cross sections and the experimental data which 
I 


—Born, total 
20F 


15 Vpn pen: 
8 =150° 
c.m. 
10 
8 
6 
4 SRE a me al 
2 Pi 
toa 1 rf 1 | 
200 400 600 800,,, 1000 
E; [MeV] 
Fig. 1. — Born cross sections and experi- 


mental values for n°-production at 150°. 

« Born total » corresponds to eq. (4), « Born 

el.» to the same equation and g= 03 
FAO 050) 


compensation is almost complete at high 
energies, it is not sure that the rest is 
small compared with F, because of the 
. magnitude of Fx m- 


(6) M. F. KAPLON: Phys. Rev., 83, 712 (1951 


55 


cannot be accounted for only by the re- 
sonance terms. 

In the case of r-production at low 
energies, it is known that there exists a 
large non-resonant effect of the final state 
interaction which partially compensates 
the magnetic Born term (7). Even if the 


do 
ds 


[ pb] 
20 


18 
16 
14 
12 


ue JE 1 1 1 
200 400 600 800, 1000 
°° [MeV] 


Er 


9 


Fig. 2. — Born cross sections and experi- 
mental values for m+ production at 90°, cal- 


culated from (5). f2— 0.080. 


). 


() K. Drerz, G. HònLer and A. MULLENSIEFEN: Zeits. Phys. 159, 77 (1960). 
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In order to demonstrate that the same term is responsible for the compensation 
at higher energies, we have calculated the angular distribution for ~+p—-p+7° 
at 500 MeV, using the following ansatz: 


(6) PERE IE Be ee Bt 


The amplitude of the first resonance was taken from the paper of CHEW et al. (?), 
modified by subtracting the Born part of this multipole (§). As value of x33 the 
result of the phase shift analysis was taken. F’ is the large dispersion integral 
contribution, estimated from the expression for Hj; which was used in (7). The 
angular distribution following from (6) fits fairly well the experimental values, in 
particular at large angles, where the Born cross section is too high by a factor 10 
(Fig. 1). Taking into account an imaginary part of E,. gives only a small cor- 
rection, if it is estimated in the usual way. 

The Born term has an important influence on the polarization of the outgoing 
nucleon. We have calculated the complex M.1 P;-amplitude of Wilson’s model 
under the condition that this amplitude together with Pe fits the experimental 
values for r°-production at 690 MeV. The polarization at 90° is --0.4. Therefore 
the simple argument of SAKURAI (°) has to be replaced by a more detailed inves- 
tigation. This result is related to the letter of PELLEGRINI and STOPPINI (1°). 

In the case of r+-production the magnetic Born term is smaller, but there seems 
to exist a similar compensating effect as discussed above for 7°, because F NE alone 


Ee MeV | 
[pb] Da Sea : Roe Born 1025 
‘itt br > ae nt 3 1025 
/ bi \ + 
Oe : Born,total \ a : ea 
| Î ra n° LES 
a 8 ? x À 


° 
0 30° 60° 90° 120° 150° 180° 
_. 
dem 
LTT Angular distribution at 1025 MeV. Experimental values: BoyDEN and WALKER (1), 


Dixon and WALKER ("), JACKSON, DE WIRE and LITTAUER (COVA == 0080). 


(*) B. F. TOUSCHEK: Suppl. Nuovo Cimento, 14, 278 (1959). 
() J. J. SAKURAI: Phys. Rev. Lett., 1, 258 (1958). 
(!°) C. PELLEGRINI and G. STOPPINI: Nuovo Cimento, 17, 269 (1960). 


(1!) R. L. WALKER: Proc. of the Rochester Conf. (1960). We are indebted to Prof. WALKER. 


for sending us a preprint. 
(12) F. P. Dixon and R. L. WALKER: Phys. Rev. Lett., 1, 458 (1958). 
(*) H. E. JACKSON, J. W. DE WIRE and R. M. LITTAUER: Phys. Rev., 119, 1381 (1960). 
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represents the general behaviour of the non-resonant part of the amplitude (Fig. 2). 
The angular distribution at 1025 MeV is shown in Fig. 3. 

It is well known that the expansion: 4 +B cos 6+... of the cross section cannot 
be used for 7*-production, because of the denominator (1 —v, cos 6) in one of the 
Born terms. For 7°-production the denominator (1+v, cos 0) occurs. Since the 
velocity of the outgoing proton is not small at high energies (vy=0.25 at 400 MeV, 
vy=0.38 at 600 MeV) the expansion is somewhat doubtful in this case too, partic- 
ularly for the small coefficient B. 


* OK * 


The authors wish to thank Mr. von ScHLIPPE and Mr. ZwINGENBERGER for 
assistance with the calculations. 
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A Model for K°/K* Branching Ratios for = Production 
in High Energy =--p Collisions. 


H. PILKUHN (*) 


Institute for Theoretical Physics, University of Stockholm - Stockholm 


(ricevuto il 10 Marzo 1961) 


1. — Introduction. 


Recently, the reaction 


1 


Tt+po>3+K4+n-7 


a 
. 


has been studied at laboratory pion 
momentum 7 GeV/c (1) and 16 GeV/e (?). 
A considerable backward peaking of 
the X (in the c.m.s.) was found, and 
in the 16 GeV/c experiment the 2/27 
ratio was found to be 1.85$7. One may 
say that in these reactions the baryon 
tends to conserve not only its direction 
of motion, but also its charge. 

These two features can be explained 


in terms of graphs, in which only a 


lines are connected to the 
line, and the multiple boson 
production is caused by the interaction 
of the incoming pion with one of the 
bosons coming from the baryon. 

In this letter we show that by mea- 


few boson 
baryon 


(*) Work performed under US. Air Force 
contract nr. AF61(052)-47. 

(2) M. I. SOLOVIEV: Proceedings of he 
Annual Internapional Conference on High Energy 
Physics at Rochester (New York, 1960), p. 388. 


suring the K°/K* ratio for X7 production, 


o(x~ +p—> = +K° +n 7) 
o(m+po% +K o +n-x) 


one can decide whether the rz or the 7K 
interaction is the important one. More- 
over, for the 7K interaction, a specific 
model is suggested (Section 3), and 
predictions are obtained not only for r_, 
but also for r, and ry (the correspond- 
ing K°K* ratios for 2* and 2°, A° pro- 
duction). The possible influence of a Kr 
resonance interaction is mentioned. 


2. — Single-virtual-boson graphs. 


Consider first graph 1. Here only 
one boson line is connected to the baryon 


p 
pr 
| 
Ki 
I 
K 
Graph 1 
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line. From conservation of isospin, this 
graph will give (2/3) 2+, (1/3) 20, and no 
X. The lower « vertex », which we shall 
call an mp vertex (multiple production 
vertex), represents the interaction of the 
incoming pion with the virtual kaon, 
leading to the one kaon 
and » pions. For the charge distribution 
of the particles emerging from the mp 
vertex, we employ statistical theory, 
including isospin conservation. However, 
we do not calculate the mean value of n, 
but estimate it from the prong distri- 
bution found in (2) to be (n> =4.3. (Thus, 
our results refer to 16 GeV/e pion 
momentum, but they should be rather 
insensitive to pion momentum.) The 
charge distribution for the emerging 
kaon is then calculated for n—4, n—5 
and n—3, and averaged with weights 
4, 2 and 1, respectively. The following 
numbers are the obtained average values, 
their error should not exceed 15%. 
The statistical theory factors are taken 
from (8). 

In this way we find that graph 1 
gives. 619% Ko and 39% K+ for 2 
creation, and 54% K® and 46% K+ 
for &° creation. 

The momentum and angular distri- 
butions of the Z’s may be calculated 
according to a model of Chew and 
Low (4), which has been applied to 
pion-nucleon collisions (5). It gives the 
backward peak, although weaker than 
the experimental peak. (Here the kaon 
has been assumed to be pseudoscalar. 
It should be noted that assuming a 
scalar kaon improves the fit.) 

For two bosons connected to the 
baryon, line there exist four different 


creation of 


(2) Charged Hyperon Production by 16 GeV /e 
r=-mesons, CERN-Pisa-Trieste collaboration, 
Phys. Rev. Lett., 6, 303 (1961). 

(3) S. Z. BELENLIJ et al.: Fortsch. d. Phys., 
6, 524 (1958). 

(4) G. F. CHEW and F. E. Low: Phys. Rev., 
113, 1640 (1959). 

(5) F. BonsIGNORI and F. SELLERI: Nuovo 
Cimento, 15, 465 (1960). 
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graphs. 
in which only one of the two bosons 


is virtual (graphs 2 and 3). Graphs 


Consider first the two graphs, 


ppi TEA 
—— 
| 
K| 
E e A ID 
de a 


Graph 2. 


of this kind have been recently discus- 
sed (5). Let us add the momentum of 
the other, real boson to the ©? momen- 


+2 

i} 

I 
TUR 

\ 

I 

| SES 

BRNO ag n°T 

Graph 3. 


tum py to give a momentum py. Then 
the py distribution of graph 2 will be 
similar to the py distribution of graph I. 
For graph 2 we have 


PES PES Pre 


and the py distribution should be more 
isotropic than the py distribution. 
Hence, graph 2 is unlikely to give the 
desired anisotropy, and we therefore 
discard it. (This does not exclude the 
possibility that the corresponding graph 
for A® production may be more impor- 
tant, due to the existence of a Ax reso- 
nance (?).) 

Graph 3 differs from graph 2 in two 


(5) HF. SALZMAN and G. SALZMAN: Phys. 
Rev. Lett., 5, 377 (1960). See even Proc. 1960 
Ann. Int. Rochester Conf. 

(7) M. AnstTon ef al.: Phys. Rev. Lett., 


5, 520 (1960). 
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points: Firstly, it involves the nr 
interaction at the mp vertex. Secondly, 
the transition probability contains the 
factor 1/(A?+m2)? (instead of 1/(A*-+-mg)* 
for graphs 1 and 2, 4?= invariant mo- 
mentum transfer), which gives rise to 
a strong backward peak for py, now 
defined as 


Pre Psa Pre 


Hence, one may expect that even 
the © backward peak will be stronger 
for graph 3 that for graph 2. 

The X*/X ratio of graph 3 may be 
estimated to be 1.8 (8). From charge 
conservation, graph 3 gives r_=0. This 
is in sharp contrast to the r_ values 
for all the other graphs, including 
graphs 4 and 5, as we shall see. It may 
be mentioned that graph 3 contains 
one more selection rule, namely the 
transitions to odd are forbidden by 
G parity. 


3. — Graphs with two virtual bosons. 
We now turn to graph 4, which 


should be important if graph 1 is impor- 
tant. The trouble is that graph 4 


se di Sela 


Graph 4. 


is difficult to calculate. Therefore we 
propose a model, by saying that graph 4 
represents a «final state interaction » of 
graph I. The complete model is as 
follows: 


(ONE 
munication, 


ROLLNIK: CERN, private com- 


H. PILKUHN * 


1) A «primary » hyperon Y is pro- 
duced via graph 1, with « primary cross 
section » G. 


2) After that, Y may absorb one 
of the pions produced in the mp vertex, 
and become a real Y. The «absorption 
probability » is called HM. 


3) The final cross section from 
graph 4 is then G-H, and the cross 
section from graph 1 is G-(1- H). 


It is true that the concept of final 
state interaction cannot be quite correct, 
since the process Y+7--+ requires 
that Y and x cannot be both on their 
mass shells. For an orthodox final state 
interaction we would require that Y 
and = should be so close to their mass 
shells, that scattering will be the domi- 
nant process. On the other hand, if the 
Y hyperon is a A°, only a small amount 
of « virtuality » is needed. If Y is a &, 
then scattering may be more important. 
This will bring the » values calculated 
below closer to 1, so that our main 
conclusion is not altered. For the charge 
branching ratios, we assume that the 
charge of the absorbed pion may be 
obtained from statistical theory for the 
mp vertex. 

In order to get the r values, one 


then has to calculate first the pro- 
babilities for complete charge distri- 
butions (including the pion charges) 


for graph 1. For instance, the probability 
for Y°K*r*r-r-n° is found to be 0.358 G. 
From this state, one pion will be absorbed 
with probability H. The probability 
for rt absorption (to give a final state 
Z*K*r-x-nt) will then be (1/4) H, for x- 
absorption (2/4) H, and for r° absorbtion 
(1/4) H. A complication is brought in 
by the fact the Y° particle may be 
a N° or a %°. Hence, we have to distin- 
guish between two « primary cross sec- 
tions», GA and Gy, and three different 
absorption probabilities, Hyy, Hy, and 
H ss. Isospin conservation implies 


Gy+ = 2G 50 , H 5050 = 0. 
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The other H’s are charge independent. 
{It should be noted that such a treat- 
ment neglects interference terms, arising 
from total isospin conservation. The 
correct isospin formalism for graphs 
like 4 and 5 will be given in a separate 
paper. For our present purpose, the 
above treatment should suffice.) 


p a 
(pat x MAMIE, 
PEA CRE Er 
\ pa, A 
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\ o 
ee SIAT TT 
Graph 5 


As the result of our calculations, 
we obtain 


(a .64e da 


LD ary I 


The value for r_ is obtained without 
any assumptions on the G and H para- 
meters, whereas the limits for r_ corre- 
spond to a wide range of G and H. 
For the K°/K* ratio in A° and =° pro- 
duction, we find #1. 

Finally, we consider graph 5, which 
gives a branching ratio X2'/2"<(.5. 
Here probably one should allow one 
pion to be created together with the &, 
in which case the &*/X~ ratio will ap- 
proach 1. In both cases, we obtain r_ 
not much smaller than 1, so an r_ 
measurement probably cannot distinguish 
between these graphs and graph 4. 

We add a remark on «central» col- 
lisions: they are expected to yield an 
isotropic © angular distribution, and 
X*/X£°— 0.9. That means, the percentaye 


13 - Il Nuovo Cimento. 
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of the isotropic « background » for 27 
creation will be twice as lar,» as for 
Z* creation. 


4. — Kr resonance. 


The existence of a Kz resonance 
at total energy 878 MeV has been sug- 
gested (°). Treating this resonance as 
a particle K’, one may insert K’ instead 
of K as the virtual boson in graph I. 
If K’ is taken to be a sealar, isospin 
1/2 particle, it gives rise to a stronger 
backward peak than the pseudoscalar K, 
despite its larger mass. 

On the other hand, K’ may be present 
among the particles from the mp vertex 
(except for graph 3, of course). The K’ 
having isospin 1/2, the kaon from the 
«decay » K’+K-+7 will have the same 
charge as the K' only in 33% of the 
cases. This will have an unpleasant 
influence on the r values, as it will 
diminish the original kaon charge dif- 
ference. Thus, a small admixture of K’ 
will drive down r, for graph 4. 


* OK OK 


The author thanks Professor O. KLEIN 
for the hospitality extended to him 
at the Institute for Theoretical Physies, 
University of Stockholm. Thanks are 
also due to the colleagues at the Insti- 
tute for stimulating discussions, and to 
Dr. S. Nitsson, CERN, for information 
on the details of the 16 GeV/c experi- 
ment. 


(°) M. H. AISTON, L. W. ALVAREZ, PH. 
EBERHARD, M. L. GooD, W. GRAZIANO, H. K. 
TicHo and S. G. WOJCICKI: Phys. Rev. Lett., 6, 
300 (1961). 
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Equilibrium Families in the Liquid Drop Model. 


S. GALLONE 


Istituto di Fisica dell Universita - Milano 


(ricevuto il 23 Maggio 1961) 


Recently (1) CoHEN and SwIATECKI have drawn attention on the existence of 
distinct series of equilibrium shapes of a nucleus treated according to the classical 
liquid drop model. They have also given a semiquantitative classification of these 
shapes and indicated their importance in connection with the theory of fission. 

We have thought it useful to investigate whether this problem could be treated 
quantitatively using formulae already derived in previous works (2?) and obtain, 
at least in a first approximation, the interrelation between the different equilibrium 
series. 

To that purpose, limiting ourselves to the case of P, deformations superimposed 
on the basic ellipsoid, we have put the potential energy of the nucleus in the form 


(1) wy, o) = [A(y) —1+ 2a(A(y) —1)] + sf Bo(y) + 2@By(y)] + 
+ af Cooly) + 2x Coo(y) ] ; 


where the notations are those already adopted in (2). From the equilibrium con- 
ditions 


Ou 1 
> AO 
oy 
(2) 
Ou 
— = 0, 
Xo 


we obtain, by elimination of x, an equation : 


(3) Dy, x) = 0, 


() C. COHEN and W. J. SWIATECKI: The deformation energy of a charged drop IV. Evidence for 
a discontinuity in the conventional family of saddle point shapes, January 1961. Report of the Physics 
Institute of the University of Aarhus (Authors private communication). 

() U. L. BUSINARO and S. GALLONE: Nuovo Cimento, 1, 629, 1277 (1955); 5, 315 (1957). 
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of the third degree in x. There will thus exist, in general, for each excentricity y 
of the basic ellipsoid, three equilibrium shapes corresponding to x parameters given 
by the roots of (3). 


Fig. 1. — Behaviour of the function ®(y, x). 


The behaviour of the function (y, x) is indicated in Fig. 1. For vanishing 
excentricities, we have: 


(4) D(0,2)=(r—1*(r+3), 


which indicates the merging of two 
equilibrium families in the limit y +0. 

Fig. 2 indicates, as a function of y, 
the x values corresponding to equili- 
brium configurations. This figure should 
be compared with Fig. 39 of the work 
of SwIATECKI and CoHEN in which the 
parameter F,,,,/R) plays the same rôle 
as our y. 

It is interesting to note the appea- 
rence of a series of shapes very close to 
ellipsoids (branch y, of Fig. 2). 


Fig. 2. — y, represents the family of Bohr- 

Wheeler and Frankel-Metropolis saddle shapes. 

y, represents the family studied by Weizsäcker 

and Wick. The projection of the asymmetric se- 

ries in the (y, x) plane is indicated by the por- 
tion (a) of the inversion curve Yi. 


ria Mats je) 


CLONE Geto UNE 


. r 3 
ra 7 4 


These shapes had already been studied by WrIzsAcKER (3) and Wick (4) in 
|. connection with the hypothesis of WEFELMEYER (5) that under the action of Coulomb 
= forces the very heavy nuclei could differ sensibly from the spherical shape. 

As for the existence of shapes of the non symmetric type (2) it could be seen 
that the «inversion» curve (+), which indicates the appearence of an instability 
in the P; mode, intersects both series y, and y,. 

The asymmetric family is in fact contained within the limits x ~ 0.47 and # ~ 1.67. 


RE * 


The author wishes to acknowledge the assistance of Miss. M. ANGELINI and 
Mr. P. MARIANI who performed the numerical computations. Further calculations 
are in hand to take into account deformations of the P, type. 


Note added in proof. 


The interpretation of the y, series is puzzling. The values of x associated with 

this solution are x, — — y-/3, showing that the corresponding shapes are an approx- 

| imation to the spherical configuration of equilibrium. 3 is thus not related to the 

| Frankel-Metropolis two tangent spheres type family. I am indebted to W. J. Swia- 
| mECKI for this remark. 


F. von WEIZSACKER: Naturwiss., 27, 133 (1939). 
C. Wick: Nuovo Cimento, 16, 229 (1939). 
. WEFELMEYER: Naturwiss., 27, 110 (1939), 
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Pion-Pion Interaction and Proton-Antiproton Annihilation at Rest. 


V. Dr ALFARO 


Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


BU VirAane 


Istituto di Pisiea del? Università - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 17 Giugno 1961) 


Three main points have been re- 
cently discussed concerning the pion 
annihilation of nucleon-antinucleon pairs 
at rest, namely: 


a) the validity of the Day, Snow 
and Sucher (DSS) argument in favour 
of absorption from $ initial states; 


b) the indication on the spin state 
(singlet or triplet) of the annihilating 
pair, derived from the observed pion 
states; 


c) the influence of a T=J=1 reso- 
nant pion-pion state on the angular and 
energy distributions of the produced 
pions. 


These three points have been in so 
far diseussed separately. It is the pur- 
pose of this note to point out that more 
information could be obtained by dis- 
cussing them together, as they are not 
independent and as the solution of one 
cf them can give a clue to the under- 
standing of the other two problems. 

Let us briefly summarize what has 
been done up to now: 


Point a): B. P. DesaI(!), by using a 
specific model (the Ball-Chew model (?)), 
has been able to confirm the argument 
of DSS (*) when applied to the nucleon- 
antinueleon annihilation. It seems there- 
fore probable that most of the annihi- 
lations at rest take place from S states. 
A possible experimental check, proposed 
recently by D’ESPAGNAT (*), requires 
however the analysis of K°K® annihila- 
tions with no extra pions — a process 


that is known to represent less than 


C.1% of the annihilation processes (5). 


Point b): Two-pion annihilation at rest 
seems to be present with a frequency 


(1) B. P. DESAT: Phys. Rev., 119, 1385 (1960). 

(MSN Bans sand GO MCHEMMPATE 
Rev., 109. 1385 4958) T NS Bann and J. Ra 
FULCO: ca Rev., 113, 647 (1959). 

(3) T. B. Day, G. A. SNOW and J. SUCHER: 
Phys. Rev. en 8, 61 (1959). 

(4) B. D’ESPAGNAT: A proposed experi- 
mental test of the DSS argument based on antiproton 
annihilation into kaons, CERN preprint, 1239 
(1961). 

(5) As quoted, for instance, by E. O. OKo- 
NOV: Dubna preprint D-635 (1961). 
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considerably smaller than that indicated 
by statistical theories (5). This would be 
the case if the annihilation took place 
preferentially from singlet states (7), and 
it does not seem necessary to introduce 
a new selection rule, as that proposed 
by Shirokov and Okonov (8). 


Point e): This is the most tricky point, 
as there are in this case no simple inva- 
riance or conservation principles and 
any result will heavily depend on the 
assumed model for the annihilation. 
A resonance in the pion-pion scattering 
amplitude has been introduced by many 
authors by different techniques into the 
statistical theory (*). The most recent 
and interesting discussion on the argu- 
ment has been given by Pinski, Sudar- 
shan and Mahantappa (7°) and by Pin- 
ski (!*); they propose the use of the 
reaction pn >7 rx rt, where a compa. 
rison can be made between the « mass » 
distribution of the « like pion » pairs (only 
T=2) and that of the «unlike pion» 
pairs (7=C, 1, 2). The latter distribution 
ought to be sensitive to the presence of 
a T=J=1 pion-pion resonance. An 
experimental confirmation of this pre- 
diction has not given as yet; 
previous analyses on the angular corre- 
lations between «like» and «unlike » 
pions have been shown to contain no 
unambigous indications on the exist- 
ence of the resonance, as the experi- 
mental 


been 


also be understood 
in terms of the modifications introduced 
by the correct application of the Bose 


curves can 


(5) See, for instance, the paper quoted in 
ref, (3). 

(7) D. AMATI and B. VrraLr: Nuovo Cimento, 
2, 719 (1955). 

(5) M. SHmroKkov and I. 0. Okonov: Journ. 
Hap. Theor, Phys., 39, 1059 (1960). 

(*) N. EperLE: Nuovo Cimento, 8, 610 (1953); 
T. Gord: Nuovo Cimento, 8, 625 (1958); F. Cr- 
RULUS: Nuovo Cimento, 14, 827 (1959). 

(1%) G. PINSKI, E. C. G. SUDARSHAN and 
K. Y. MAHANTAPPA: Proc. of the 10-th Rochester 
Conference (New York, 1960), p. 173. 

(11) G. PINSKI: Phys. Rev, Lett., 6,136 (1961). 
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statistics to the statistical 

We shall now show that a 
suitable choice of the annihilation process 
to be analysed can both improve the 
sensitivity of the result to the existence 
of a pion-pion resonance in the T=—J=1 
state (resonance that we shall call hence- 
forth, for simplicity, the « bi-pion », re- 
membering however that it 
really of a Breit-Wigner form for the 
pion-pion scattering amplitude) and give 
some useful indications on the most 
plausible solution of points a) and b). 
The argument goes as follows. 

Let us discuss the p-p annihilation 
at rest from S or P states); then 
Table V of ref. (7) lists the following 
final states for the process: p+p— 
>rt+r-+7n° (we remember that the 
first letter refers to the relative x*-7 
angular momentum, while the second 
letter to that of the 7° with respect to 
the x+-r7 c.m.): 


model (12). 
more 


consists 


HABITAT 
Initial state Final states | 
So | (Ss)os (DA), 
38, | (Pps Chr 
LE | (Roe E | 
IE (Op (OP) 
‘Ri (Dphs> (Dis. 


It is now easy to see from Table I that 
some of the final states contain the 
T'r pair in its pure « bi-pion » config- 
uration; as a matter of fact, states like 
(Pp) or (Ps) have the r+-r- pair in an 
antisymmetric orbital state, which im- 
plies 7-1. Those are indeed the final 
states to be studied, if the influence of 
the « bi-pion » has to be analysed at its 
best. We believe that it will be reason- 
able to assume that, should the final 


(*) G. GOLDHABER, S. GOLDHABER, T. D. 
LEE and A. PAIS: Phys. Rev., 120, 300 (1960). 
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state contain (Pp) or (Ps) configurations, 
there a « mass » distribution of the x+-x- 
pair (in its c.m.) will be strongly affected 
by the « bi-pion ». The mass distribution 
will be affected in a similar but by far 
stronger way than in the distributions 
studied in ref. (19!!). Conversely, should 
this «mass» distribution show nothing 
of the expected behaviour, it will be 
reasonable to assume that the above- 
mentioned states were not present among 
the final states. 

The implications of this result on 
points a) and b) are now evident. If the 
«mass » distribution shows the « bi-pion » 
effect, then the initial states are either 
38, or 1P, states, the former leading to 
a (Pp), final state (of course, there will 
be a small contribution of higher angular 
momentum states like (F’f),, but this 
will only add to the statistical back- 
ground), the latter to a (Ps) state. But 
an analysis in terms of the angle « 
between the 7° momentum with respect 
to the z*-z— c.m. and the direction of 
relative r*-m- motion, could easily dis- 
pose of this ambiguity as a (Pp) config- 
uration leads to a cos? « distribution and 
a (Ps) configuration leads to an isotropie 
distribution. An absorption from °S, 
initial states will then confirm the DSS 
argument but rule out the possibility 
of explaining the two-pion annihilation 
damping in terms of singlet annihilation. 
An absorption from !P, states will rule 
out the DSS argument but the « singlet » 
argument of point b) will still hold. 

If on the contrary the proposed 
«mass» distribution does not show the 
expected behaviour, according to our 
assumption we have to conclude that 
the annihilation takes place mainly from 
18, or (and) 3P,, states. As the first 
possibility agrees both with the DSS 
argument and with the «singlet » inter- 
pretation of point d), we believe that 
this should be assumed as the most 
probable result of the analysis. 
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Let us now summarize our proposal: 
Take p+Pp>at+r-+(2°) at rest; 


measure the momenta p,, p_ and the 
angle 4 between p, and p_. Extract 


from the statisties only those events 
where the (?°) system consists only of 
one 7°, which can be done by requiring 
consistency of the measured quantities 
with the relation: 


(1) u? = 4m?+ t—4m(#,4+ E), 


where 


and £ is given by 
(2) t= 2{u? + E}E_ — pup_ così), 


and represents the « mass) squared of 
the xt-x in their c.m. Plot now this 
distribution in #. The « bi-pion » effect 
should present itself as a well marked 
peak in correspondence of the « bi-pion » 
Squared mass, namely around (20 = 22). 
If the effect is absent, then conclude that. 
the annihilation took place from !S, 
(more probable) or 3P,, (less probable) 
initial states. If the effect is present 
then caleulate the quantity P(«) dx, with 


(3) cosa = (2m/q)(t—4u7)-4*(B_ — Hi), 


where 


J 
Q? = (Am —t— p?)? Au, 
] pl ui) st] 


and plot it. A cos? à distribution will 
lead to the conclusion that the annihi- 
lation took place from a 3S, initial state; 
an isotropic distribution will make highly 
probable that the initial state was a 
1p, state. 


One of us (V.D.A.) wants to thank 
warmly the Istituto di Fisica dell Uni 
versità di Roma for the offered hospi- 
tality. 


A. D. GALANIN — Thermal Reactor 
| Theory. Pergamon Press, London, 
- 1960; pp. xIv-412; £ 5. 


Seritto da uno dei più autorevoli 
fisici russi dei reattori, il libro si rivolge 
agli studiosi già introdotti nello studio di 
questa materia, della quale fornisce un 
quadro organico e logicamente collegato. 
- In esso viene trattato quanto specifica- 
mente concerne il calcolo neutronico del 
reattore, mentre non vengono affrontati 
argomenti particolari, come ad es. i pro- 
. blemi di schermaggio. 

Purtroppo il volume, seritto nel 1952 
ed aggiornato con una II edizione nel 
1958, prima della II Conferenza di Gi- 
nevra, giunge a noi solo ora, nella tradu- 
. zione inglese. Non si tratta quindi di 
un libro modernissimo e le date citate 
definiscono sufficientemente i limiti di 
validità di questa affermazione. 

Pur non mancando oggi libri di testo 
pregevoli sulla fisica dei reattori ter- 
mici, tuttavia la lettura del volume del 
Galanin è particolarmente interessante 
soprattutto quando viene esposto il 
cosiddetto «punto di vista russo ». Ad 


aes esempio, nella teoria del reattore etero- 
ee se geneo, mentre il fattore di fissione ve- 
gi loce e viene trattato in modo simile a 

+. llo noto, ad es ibro di Glass 
quello noto, ad es., dal libro di Glasstone 

f 
. , ed Edlund, nel calcolo del fattore p 

rr D EVE Clerc . 

pe. — probabilita di fuga alla risonanza 

a + È 1" « . . . 
~~ viene esposta la teoria di Gurevich e 
“oo v , - + 
par Pomeranéuk nella quale Vanalisi del 
“7% percorso del neutrone viene svolta te- 
 : nendo conto degli effetti geometrici e 
ANI dello scattering ed assorbimento nel mo- 
E 
“hd 

Me ; 


A < i Uta 
ì 


LIBRI RICEVUTI E RECENSIONI 


r 


deratore, ma ignorando lo scattering ed 
il rallentamento entro gli elementi di 
materiale fertile, se sottili. 

Accanto alla trattazione del reattore 
eterogeneo, merita menzione quella 
dello spettro neutronico termico, in cui 
viene affrontato il problema della giun- 
zione tra lo spettro maxwelliano e lo 
spettro 1/Æ nel caso di un moderatore 
gassoso monoatomico e nel caso di un 
moderatore pesante. 

Pregio del libro è il costante intendi- 
mento dell’autore di fornire i mezzi pra- 
tici per il calcolo. Infatti spesso viene 
data la valutazione numerica delle for- 
mule ottenute e vengono indicati gli errori 
rispetto a trattazioni analoghe. 


M. MARSEGUERRA 


C. H. WILTS — Principles of Feed- 
back Control. Addison - Wesley, 
Reading, Mass., 1960; pp. x-265; 
$ 9.75. 


Come lo stesso autore dichiara nella 
prefazione, questo libro è destinato agli 
studenti dei corsi del California Institute 
of Technology, ma esso può considerarsi 
molto utile per coloro che desiderano 
studiare i principi generali dei controlli. 

Il tono del libro è elementare e non 
presuppone speciali conoscenze: è suffi- 
ciente una generica preparazione mate- 
matica, soprattutto nel campo delle fun- 
zioni di variabili complesse e delle equa- 
zioni differenziali ordinarie. 
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Il volume è articolato in 12 capitoli. 
I primi sei capitoli sono dedicati ai prin- 
cipi generali dei controlli e della reazione; 
notevole peso è dato al problema della 


stabilità del sistema: sono esaminati con 


dettaglio i criteri di stabilità di Routh- 
Hurwitz e di Nyquist. Dal capitolo 7 
al capitolo 10 si tratta delle tecniche 
elementari di compensazione, di sistemi 
di controllo con molti anelli di reazione, 
e delle rispettive risposte e stabilità. 

L’undecimo capitolo è dedicato al 
controllo dei sistemi campionati. È intro- 
dotta la trasformata di Laplace di un 
segnale campionato. L'argomento, di no- 
tevole interesse, avrebbe forse meritato 
una maggiore estensione. 

Il dodicesimo ed ultimo capitolo 
tratta dell’analisi non lineare. 

Tl volume offre un quadro abbastanza 
completo dei principi del controllo da 
un punto di vista teorico, ma una mag- 
giore completezza si sarebbe avuta. se 
fossero stati introdotte applicazioni ed 
esempi pratici. 

B. RISsPOLI 


J. OREAR — Fundamental Physics. 
John Wiley & Sons, New York 
e London, 1961; 381 pagine, 
303 illustrazioni. 


Estremamente adatto alla didattica. 
È scritto da un Fisico della nuova gene- 
razione, con stile disinvolto, semplice ed 
elegante, proprio di un intelligente allievo 
di Fermi. È un libro adatto a persone 
di media cultura e potrebbe essere il 
migliore fra quelli esistenti oggi per la 
Fisica dei Licei. 

La presentazione tipografica è eccel- 
lente: la densità dei caratteri di stampa 
su ogni pagina è metà di quella normale; 
le illustrazioni abbondano; si usano i 
colori nero e rosso per le figure geoma- 
triche e per i grafici. 

Il lettore viene messo subito di fronte 
al mondo della Fisica: nel capitolo intro- 
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à 


duttivo si presenta un esempio sulla rela- 
tività speciale e uno sulla natura ondu- 
latoria dei corpuscoli. 


Le lesgi fondamentali sono illustrato: 


non solo da esempî che ormai sono entrati 
in uso comune in ogni testo di Fisica, ma 
anche da innumerevoli altri tratti dalla 
Fisica moderna. Ad esempio nel para- 


grafo sulla conservazione della quantità 


di moto si mostra nella stessa pagina 
l’immagine stroboscopica dell’urto di due 
sfere accanto ad una fotografia di sueces- 


sivi urti protone-protone ottenuta me. 


diante camera a bolle. 
Contiene oltre ai capitoli classici che 


si trovano su ogni testo del genere, altri 


dedicati alla Relatività speciale e gene- 
rale, alla Teoria dei quanti, alla Teoria 
atomica, alla Fisica Nucleare, alla Fisica 
delle particelle elementari (decadimento f 


ed interazioni deboli, antimateria, non 


conservazione della parità). 


L'Autore riesce ad inquadrare infine 


l’aspetto umanistico, sociale e politico 
di questo ramo dello scibile. 

Per concludere, un libro affascinante 
per il non fisico e piacevole per il fisico 
Ottima la bibliografia. 


A. TURRIN 


D. 8. BILLINGTON and J. H. CRAW- 
FORD jr. — ‘adiation Damage 
in Solids. 
Press, Princeton, New Jersey, 
1961; pp. XI+450, $ 12.50. I 


La Sezione di Fisica dei Solidi del 


Laboratorio di Oak Ridge è uno dei. 


centri più attivi del mondo nel campo 


delle ricerche sui danni da radiazione 


prodotti nel reattore nucleare. Questo 
laboratorio possiede tra l’altro un im- 


pianto di refrigerazione che permette di. 


lavorare entro il reattore a temperature 
Pp 
prossime a quella dell’elio liquido, con- 


dizione questa straordinariamente favo- 


revole per le ricerche fondamentali nella 
fisica dei solidi irradiati. L'attività del 


Princeton University . 
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Laboratorio non si limita però a questo 
tipo di studi, ma si estende a molti 
campi collaterali ed in particolare com- 
prende ricerche di tipo applicativo sugli 
acciai ed altri materiali da costruzione. 

Non ci sorprende perciò che, proprio 
dal Centro di Fisica dei Solidi di Oak 
Ridge, venga pubblicato un volume che 
raccoglie e compendia gli studi sui danni 
da radiazione, ad opera del Direttore 
D. $. BILLINGTON e del suo stretto colla- 
boratore J. H. CRAWFORD jr. 

Senza addentrarsi in trattazioni teo- 
riche di carattere superiore il libro af- 
fronta tutti i problemi fondamentali con 
una esposizione semplice ma «impe- 
gnata », all’usu americano. 

La bibliografia è notevolmente estesa, 
ma soffre di qualche lacuna e si può 
considerare aggiornata a tutto il 1958 e 
parte del 1959: ciò dovuto indubbia- 
mente alle difficoltà editoriali, che si 
fanno sentire anche in America. 

La materia trattata, suddivisa in 
undici capitoli, può essere, grosso modo, 
distinta in due parti: i primi quattro 
capitoli trattano in generale delle inte- 
razioni tra radiazioni e cristalli, dell’in- 
fluenza dei difetti reticolari sulle pro- 
prietà dei solidi e delle sorgenti di radia- 
zioni. Dal quinto capitoli in poi, si 
espongono i risultati delle esperienze e 
le loro interpretazioni, ordinati a seconda 
della natura del materiale irradiato, e 
cioè nel modo più pratico e razionale. 
Sono studiati successivamente: metalli, 
leghe, cristalli covalenti, cristalli ionici, 
semiconduttori, uranio e grafite. 

Nel suo complesso il libro può certo 
formare una buona base per chi voglia 
occuparsi del « Radiation Damage », pur- 
chè venga completato dalla letteratura 
più recente ed integrato, ove necessario, 
con una più profonda trattazione teo- 
rica. Ma, qualunque aggiunta possa sem- 
brare desiderabile, rimane a questo testo 
il pregio insostituibile di illustrare i molti 
aspetti sperimentali dell’argomento nel 
modo diretto e concreto che può deri- 
vare solo dalla personale esperienza degli 


Autori e dei loro collaboratori immediati, 
in un laboratorio come quello di Oak 
Ridge. 


RNA TEE 


U. INGARD and W. L. KRAUSHAAR — 
Introduction to Mechanies, Mat- 
ter and Waves. Addison-Wesley, 
Reading, Mass., London, En- 
gland, 1960; pp. xV-672, $ 8.75. 


Si tratta di uno dei testi che sono 
stati redatti per i corsi di Fisica Gene- 
rale al Massachusetts Institute of Tech- 
nology. 

Principio informatore della tratta- 
zione è il continuo, ampio, riferimento 
all’esperienza; è quello cioè di effettiva- 
mente presentare la Fisica come la 
scienza che dai fatti sperimentali risale 
alle cause che li provocano e li condi- 
zionano. Man mano che la trattazione 
progredisce, ogni nuova grandezza fisica 
viene introdotta dalla necessità di inter- 
pretare in termini fisici il risultato di 
una esperienza: così, per es., il concetto 
di forza deriva spontaneamente dalla 
necessità di misurare la rapidità di varia- 
zione temporale della quantità di moto. 

L'apparato matematico appare note- 
volmente alleggerito, rispetto a molta 
parte dei testi del genere, e, comunque, 
non risulta mai soverchio; ciò che risulta 
di notevole importanza pratica nel primo 
anno dei corsi universitari, allorchè lo 
studente non è ancora padrone del mezzo 
matematico. L'esposizione della materia 
è molto scorrevole e punta direttamente 
alla sostanza senza divagazioni e pleo- 
nasmi. Una abbondante e chiara serie 
di disegni, e qualche volta di fotografie, 
illustra e commenta efficacemente il testo. 
Molti gli esempi di applicazione di metodi 
generali a problemi e questioni parti- 
colari. Al termine di ogni capitolo viene 
proposta una serie di problemi, per una 
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metà dei quali la soluzione numerica è 
fornita nelle ultime pagine del libro. 
Dei 23 capitoli in cui il libro è sud- 
diviso, 13 sono dedicati alla meccanica 
e 7 alla termologia, mentre negli ultimi 3 
viene dato un cenno abbastanza esteso 
della meccanica delle onde elastiche. 


F. MARIANI 


J. H. SANDERS — The Fundamental 
Atomie Constants. Oxford Uni- 
versity Press, 1961. 


Ancora un nuovo libro sulle costanti 
atomiche. Un’opera su questo argomento 
dopo le ampie comunicazioni al Congresso 
Internazionale sulle Costanti fondamen- 
tali della Fisica (Torino, 1956), tra le 
quali ricordiamo quelle di R. T. Biren, 
di J. W. M. DuMonp, di J. A. BEARDEN 
e J. S. THOMSEN, e dopo il libro di 
E. R. COHEN, K. M. Crove e J. W. M. 
DuMonp, The Fundamental Constants of 
Physics (1957) e Varticolo ancora di 
E. R. CoHEN e J. W. M. DuMoxp com- 
parso sul volume 35 della Encyclopedia 
of Physics di S. FLÜGGE (1957), dimostra 
l’interesse sempre più vivo sulla metro- 
logia di base, in particolare sull’influenza 
che essa subisce dalla Fisica Atomica. 

L'Autore considera questa sua opera 
come una breve monografia che ha sol- 
tanto l’intenzione di mettere il punto 
sulla situazione attuale e si direbbe che, 
sia per concisione che per chiarezza, 
raggiunga quanto si propone. 

Dopo un cenno sulla scelta delle 
costanti fondamentali della Fisica: carica 
dell’elettrone, massa dell’elettrone, massa 
del protone, velocità delle radiazioni 
elettromagnetiche nel vuoto, costante di 
Planck, numero di Avogadro, costante 
di Boltzmann, costante di gravitazione 
universale, dedica un capitolo più esteso 
alla rassegna delle prime misurazioni 
delle costanti atomiche terminandolo con 
una utile derivazione dei valori più 
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corretti che da queste misurazioni pos- 
sono trarsi. 

Un ulteriore capitolo l'Autore lo 
dedica alla costante per eccellenza, la 
velocità c delle radiazioni elettromagne- 
tiche nel vuoto, la costante che appare 
nella relazione tra le corrispondenti unità 
delle grandezze elettromagnetiche  se- 
condo che si impieghi il sistema di misure 
detto elettrostatico e quello detto elettro- 
magnetico, tra unità di massa ed unità 
di energia. Questa sola costante, famo- 
sissima tra tutte le altre, può, secondo 
l'Autore, venire misurata con mag- 
giore precisione con metodi diretti 
che con metodi indiretti (precisione 1 
sul LOS): 

Invero a noi sembra che per altre 
misure fondamentali della Fisica stia 
avvenendo la stessa cosa; perchè pen- 
siamo che analogo sia il caso della deter- 
minazione della costante di gravitazione 
universale in un luogo. Con il metodo 
di Volet della caduta libera nel vuoto 
sembra che anche questa determinazione 
possa raggiungere la precisione di circa 1 
su 106, mentre è noto che i metodi clas- 
sici non giungono a tanto. 

È da notare che l'Autore, dopo aver 
esaminato le prime misurazioni di €, 
i lavori sperimentali compiuti nel pe- 
riodo dopo il 1941 e i metodi recenti 
(interferometria nel campo delle micro- 
onde secondo Froome, 1954-1958, me- 
todo di Bergstrand, 1949-1957), conclude 
con una previsione critica su quanto 
può attendersi da rinnovate misure su 
questa costante. Non vi è dubbio che 
ad accrescere la precisione della misura 
di e si rischia di ottenere un risultato 
illusorio a causa, secondo l'Autore, della 
indeterminazione della unità di lun- 
ghezza. Ma i lavori che si sono conclusi 
con l’adozione del metro ottico da parte 
della XI Conferenza Generale dei Pesi 
e Misure (Ottobre 1960), ci assicura che 
ormai l’unità di lunghezza può conside- 
rarsi definita entro circa 2 su 109. Il ti- 
more espresso da Sanders non ci appare 
quindi giustificato. 


ge TC RIRE dura PIRO 
‘LIBRI RICEVUTI E RECENSIONI >. ©. — 
‘ Ce dA Na 4 ru és È à 


Ù (rey 


” ce 
nD ie > “ 


Il quarto capitolo è dedicato a re- 


tabella delle Costanti completano I’ 
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centi misurazioni riguardanti: il rap- di Sanders. 4 
porto giromagnetico del protone, il mo- Senza esitazioni questa monografia i 
mento magnetico del protone, la massa va giudicata aggiornata e utile. Ma è ci : 
del protone, ecc. Vi si fa una rassegna doveroso osservare che l’Autore ignora — 1 
dei più recenti lavori (vengono citati praticamente il Sistema Internazionale 
lavori pubblicati fino al 1959), basati MKSA °K che appare soltanto nella defi- ? 
essenzialmente sulla risonanza nucleare, nizione dell’ampere. Nella monografia di : 
compiuti nei vari laboratori. Sanders sopravvivono quindi i vari si- i 
Infine un ultimo capitolo riguarda la stemi C.G.S. di unità e.m.u. ed e.s.u. i 
vi determinazione dei valori più attendibili L’Autore misura H, intensità del campo : 
delle costanti atomiche che possono trarsi magnetico in e.m.u. (gauss) (vedi p. 68) À 
dalle misure fornite dalle esperienze. mentre è ben noto che H si misura in 
L'argomento si basa largamente sui me- e.m.u. (Oe). Tra i vantaggi del Sistema iù 
todi indicati da Cohen e DuMond nel- Internazionale va annoverato quello della i 
l’opera citata. Il Sanders prevede che maggior chiarezza; sarà meno facile È 
a St questi metodi si addiverrà ad una confondere H, intensità del campo ma- ; 
. revisione dei valori attuali. gnetico (m-1-A) con B, induzione magne-. | 
Alcune Appendici al testo riguardanti tica (bes:s-2-A-l), che non nei sistemi ; 
i simboli comunemente usati, i campioni C.G.S. dove gauss e Oe si scambiano À 
delle grandezze fondamentali e infine una facilmente le parti. | 
F. DEMICHELIS | 
< 
| 


